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Abstract 

We develop the twisting construction for locally compact quantum 
groups. A new feature, in contrast to the previous work of M. Enock and 
the second author, is a non-trivial deformation of the Haar measure. Then 
we construct Rieffel's deformation of locally compact quantum groups and 
show that it is dual to the twisting. This allows to give new interesting 
concrete examples of locally compact quantum groups, in particular, de- 
formations of the classical az + b group and of the Woronowicz' quantum 
az + b group. 

1 Introduction 

The problem of extension of harmonic analysis on abelian locally compact (I.e.) 
groups, to non abelian ones, leads to the introduction of more general objects. 
Indeed, the set G of characters of an abelian I.e. group G is again an abelian 
I.e. group - the dual group of G. The Fourier transform maps functions on G to 

functions on G, and the Pontrjagin duality theorem claims that G is isomorphic 
to G. If G is not abelian, the set of its characters is too small, and one should use 
instead the set G of (classes of) its unitary irreducible representations and their 
matrix coefficients. For compact groups, this leads to the Peter- Weyl theory and 
to the Tannaka-Krein duality, where G is not a group, but allows to reconstruct 
G. Such a non-symmetric duality was established for unimodular groups by 
W.F. Stinespring, and for general I.e. groups by P. Eymard and T. Tatsuuma. 

In order to restore the symmetry of the duality, G.I. Kac introduced in 1961 
a category of ring groups which contained unimodular groups and their duals. 
The duality constructed by Kac extended those of Pontrjagin, Tannaka-Krein 
and Stinespring. This theory was completed in early 70-s by G.I. Kac and the 
second author, and independently by M. Enock and J.-M. Schwartz, in order 
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to cover all I.e. groups. The objects of this category are called Kac algebras 
|2|. L.c. groups and their duals can be viewed respectively as commutative 
and co-commutative Kac algebras, the corresponding duality covered all known 
versions of duality for l.c. groups. 

Quantum groups discovered by V.G. Drinfeld and others gave new impor- 
tant examples of Hopf algebras obtained by deformation of universal enveloping 
algebras and of function algebras on Lie groups. Their operator algebraic ver- 
sions did not verify some of Kac algebra axioms and motivated strong efforts to 
construct a more general theory. Important steps in this direction were made 
by S.L. Woronowicz with his theory of compact quantum groups and a series of 
important concrete examples, S. Baaj and G. Skandalis with their fundamental 
concept of a multiplicative unitary and A. Van Daele who introduced an impor- 
tant notion of a multiplier Hopf algebra. Finally, the theory of l.c. quantum 
groups was proposed by J. Kustermans and S. Vaes [8], [9]. 

A number of "isolated" examples of non-trivial (i.e., non commutative and 
non cocommutative) l.c. quantum groups was constructed by S.L. Woronowicz 
and other people. They were formulated in terms of generators of certain Hopf 
^-algebras and commutation relations between them. It was much harder to 
represent them by operators acting on a Hilbert space, to associate with them 
an operator algebra and to construct all ingredients of a l.c. quantum group. 
There was no general approach to these highly nontrivial problems, and one 
must design specific methods in each specific case (see, for example, [T5], [T7]). 

In [3], [16] M. Enock and the second author proposed a systematic approach 
to the construction of non-trivial Kac algebras by twisting. To illustrate it, 
consider a cocommutative Kac algebra structure on the group von Neumann 
algebra M ~ C{G) of a non commutative l.c. group G with comultiplication 
A(A ff ) = \ g ® \ g (X g is the left translation by g G G). Let us construct on M 
another (in general, non cocommutative) Kac algebra structure with comulti- 
plication Aq(-) = f2A(-)fT, where f2 S M £g> M is a unitary verifying certain 
2-cocycle condition. In order to find such an fi, let us, following to M. Ricffcl 
[TT] and M. Landstad [TU], take an inclusion a : L°°(K) — > M, where K is the 
dual to some abelian subgroup K of G such that S\k = 1 (S( ) is the module 
of G). Then, one lifts a usual 2-cocycle W of K : il = (a ® a) 1 ^. The main 
result of [3] is that Haar measure on C(G) gives also the Haar measure of the 
deformed object. 

Even though a series of non-trivial Kac algebras was constructed in this way, 
the above mentioned " unimodularity" condition on K was restrictive. Here we 
develop the twisting construction for l.c. quantum groups without this condi- 
tion and compute explicitly the deformed Haar measure. Thus, we are able 
to construct l.c. quantum groups which are not Kac algebras and to deform 
objects which are already non-trivial, for example, the az + b quantum group 

ESI, PH. 

A dual construction that we call Rieffel's deformation of a l.c. group has 
been proposed in [11], [12], and [10], where, using a bicharacter on an abelian 
subgroup, one deforms the algebra of functions on a group. This construction 
has been recently developed by Kasprzak [6] who showed that the dual comul- 
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tiplication is exactly the twisted comultiplication of C(G). Unfortunately, a 
trace that he constructed on the deformed algebra is invariant only under the 
above mentioned " unimodularity" condition. In this paper we construct Rief- 
fel's deformation of I.e. quantum groups without this condition and compute 
the corresponding left invariant weight. This proves, in particular, the existence 
of invariant weights on the classical Rieffel's deformation. We also establish the 
duality between twisting and the Rieffel's deformation. 

The structure of the paper is as follows. First, we recall some preliminary 
definitions and give our main results. In Section 3 we develop the twisting 
construction for I.e. quantum groups. Section 4 is devoted to the Rieffel's 
deformations of I.e. quantum groups and to the proof of the duality theorem. 
In Section 5 we present examples obtained by the two constructions: 1) from 
group von Neumann algebras £(G), in particular, when G is the az + b group; 
2) from the az + b quantum group. Some useful technical results are collected 
in Appendix. 

Acknowledgment. We are grateful to Stefaan Vaes who suggested how 
twisting can deform the Haar measure and helped us in the proof of Proposition 
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2 Preliminaries and main results 

2.1 Notations. 

Let us denote by B(H) the algebra of all bounded linear operators on a Hilbert 
space H, by ® the tensor product of Hilbert spaces or von Neumann algebras 
and by E (resp., a) the flip map on it. If H, K and L are Hilbert spaces and 
X G B{H®L) (resp., X G B{H®K),X G B{K®L)), we denote by X 13 (resp., 
A12, A 23 ) the operator (1 ® E*)(A ® 1)(1 ® E) (resp., X ® 1, 1 ® X) defined 
on H ® K ® L. The identity map will be denoted by l. 

Given a normal semi-finite faithful (n.s.f.) weight 9 on a von Neumann 
algebra M, we denote: Mj = {x £ M+ \ 8{x) < +oo}, Me = {x G M \ 
x*x G Mfj'}, and Me = span All I.e. groups considered in this paper 
are supposed to be second countable, all Hilbert spaces separable and all von 
Neumann algebras with separable predual. 

2.2 Locally compact quantum groups [8], [9] 

A pair (M, A) is called a (von Neumann algebraic) I.e. quantum group when 

• M is a von Neumann algebra and A : M — > M ® M is a normal and unital 
*-homomorphism which is coassociative: (A ® l) A = (i ® A)A 

• There exist n.s.f. weights ip and ij) on M such that 

— ip is left invariant in the sense that <p((u> ® t)A(x)) = <p(x)w(l) for 
all x G M~t and uj G M+, 
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— V is right invariant in the sense that ^>((t ® ui)A(x)) = tp(x)iv(l) for 
all x e and w G M+. 

Left and right invariant weights are unique up to a positive scalar. 

Represent M on the G.N.S. Hilbert space H of ip and define a unitary W 
on if ® if: 

W*(A(a)®A(6)) = (A® A)(A(6)(o® 1)) for all a, b e A^ . 

Here, A denotes the canonical G.N.S. -map for tp, A® A the similar map for ip(g>ip. 
One proves that W satisfies the pentagonal equation: W12W13W23 — W23W12, 
and we say that W is a multiplicative unitary. The von Neumann algebra M 
and the comultiplication on it can be given in terms of W respectively as 

m = {(1 ® lu)(w) I uj e sOff)*}^^™" 9 * 

and A(a;) = W*(l <g> x)VK, for all x e M. Next, the I.e. quantum group (M, A) 
has an antipode S, which is the unique cr-strongly* closed linear map from M 
to M satisfying (i O ui){W) e 2?(5) for all w e B(iJ")* and S'(/. O w)(W) = 
(i (g) and such that the elements (1 ® cij)(Vl / ) form a cr-strong* core for 

5. S has a polar decomposition S — Rt_ j/2, where i? is an anti-automorphism 
of M and t* is a one-parameter group of automorphisms of M. We call R the 
unitary antipode and Tt the scaling group of (M, A). We have cr(R(&R)A = AR, 
so <pR is a right invariant weight on (M, A), and we take "0 := <fR- 

There exist a unique number v > and a unique positif self-adjoint operator 

it 2 

<5m affiliated to M, such that [Dtp : Dtp] t = v~Sf 4 . v is the scaling constant 
of (M, A) and 8m is the modular element of (M, A). The scaling constant can 
be characterized as well by the relative invariance property (pr t — v~ l ip. 
For the dual I.e. quantum group (M, A) we have 

M = {(w ® l){W) I w G B(i?)4- ,T - ;st ™™ 9 * 

and A(x) = SVF(x(g) for all x e M. Turn the prcdual M* into a Banach 

algebra with the product w ^ = (w (g) /x)A and define 

A : M* — > M : A(w) = (w <g> t)(W), 

then A is a homomorphism and A(M*) is a cr-strongly* dense subalgebra of M. 
A left invariant n.s.f. weight (p on M can be constructed explicitly. Let X = 
{uj e M* I 3C > 0, < C||A(x)||Vx e Af v }. Then (iJ, t, A) is'the G.N.S. 

construction for (p where X(T) is a cr-strong-*-norm core for A and A(A(w)) is 
the unique vector in H such that 

The multiplicative unitary of (M, A) is W = SVL*E. 

Since (M, A) is again a I.e. quantum group, denote its antipode by S, its 
unitary antipode by R and its scaling group by f t . Then we can construct 
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the dual of (M, A), starting from the left invariant weight <p. The bidual I.e. 

quantum group (M, A) is isomorphic to (M, A). Denote by at the modular 
automorphism group of the weight tp. The modular conjugations of the weights 
ip and ip will be denoted by J and J respectively. Let us mention that R(x) — 
Jx*J, for all x G M, and R(y) = Jy*J, for all y G M . 

(M, A) is a Kac algebra (see if and only if r t = t and 8 m is affiliated to the 
center of M. In particular, (M, A) is a Kac algebra if M is commutative. Then 
(M, A) is generated by a usual I.e. group G : M = L°°(G), (A G f)(g, h) = f(gh), 
(S G f)(9) = /(.9- 1 ), <p G (J) = If (9) dg, where / G L~(G), g,h e G and we 
integrate with respect to the left Haar measure on G. Then ^g is given by 
Tpo(f) — J fig -1 ) dg and 8m by the strictly positive function g 1— > 5g(<7) • 

L°°(G) acts on iJ = L 2 (G) by multiplication and [W G €)(g, h) = ^(g,g -1 h), 
for all £ G i? ® i? = i 2 (G x G). Then M = £(G) is the group von Neumann 
algebra generated by the left translations (A g ) ffG G of G and Ag(A 9 ) = A g ® A 9 . 
Clearly A^ :=uo Aq = Ag, so Ag is cocommutative. Every cocommutative 
I.e. quantum group is obtained in this way. 

2.3 g-commuting pair of operators |18j 

We will use the following notion of commutation relations between unbounded 
operators. Let (T, S) be a pair of closed operators acting on a Hilbert space 
H. Suppose that Ker(T) = Ker(S) = {0} and denote by S = Ph(5)|5| and 
T = Ph(T)|T| the polar decompositions. Let q > 0. We say that (T,S) is a 
q-commuting pair and we denote it by TS = ST, TS* = q 2 S*T if the following 
conditions are satisied 

1. Ph(T)Ph(5) = Ph(5)Ph(T) and \T\ and |5| strongly commute. 

2. Ph(T)|S|Ph(T)* = q\S\ and Ph(S , )|T|Ph(5)* = q\T\. 

If T and S are q-commuting and normal operators then the product TS is clos- 
able and its closure, always denoted by TS has the following polar decomposition 
Ph(TS) = Ph(T)Ph(5) and \TS\ = ? -1 |T||5|. 

2.4 The quantum az + b group [TH], |17j 

Let us describe an explicit example of I.e. quantum group. Let s and m be two 
operators defined on the canonical basis (et)k£Z of l 2 {^) by set = ek+i and 
met = q k ek (0 < q < 1). The G.N.S. space of the quantum az + b group is 
H = I 2 (Z 4 ) , where we define the operators 

a=m®s*0l®s and b = s®m8«8l 

with polar decompositions a = u\a\ and b = v\b\ given by 

|o|=m®l®l®l and u=l®s*®l0s 
|fe| = l(gim(X)l(g)l and t) = sgil®s®l- 
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Then u\b\ = q\b\u, \a\v = qv\a\, this is the meaning of the relations ab = q 2 ba 
and ab* = b*a. Also Sp(|o|) = Sp(|6|) = Sp(m) = g z U{0}, Sp(«) = Sp(«) = S 1 , 
where Sp means the spectrum. Thus, Sp(a) = Sp(6) = C q U {0}, where C g — 
{zeC, \z\ G g z }. The von Neumann algebra of the quantum az + b group is 

M := I finite sums^ fk,l(\ a l \b\)v k u l for e L°° (q z x g z ) 
[ k,l 

Consider the following version of the quantum exponential function on C q : 

+ °° 1 , n 2k- 
fc=0 y 

The fundamental unitary of the az + b quantum group is W = Y.V* where 

V = F q (b ® b) X (a ® 1,1® a), 

and x (qk+i<P iq t+H>) = q i(l<e+ki>) is a bicharacter on C g . The comultiplication is 
then given on generators by 

W*(l®a)W = a®a and W*(l ® 6)W* = a ® &+&® 1, 
where + means the closure of the sum. The left invariant weight is 

y{x) = Y,d 2{j - i) hflW,<l j ), where * = £ / M (|a|, |&|)t, fc u'. 

The G.N.S. construction for ip is given by (H,t,A), where 

K x ) = ^q k+l t,k,i®e k ®ei with ^k,i{^i) = 9 i ~ i fkAQ i ^ i )- 

k,l 

The ingredients of the modular theory of ip are 

J(e r <8> e s <8> efe <g> e/) = e r _£; <g> e s+ z ® e_fe <g> e_j, 
V = 1 <g> 1 (g) to -2 <g> to" 2 , 

so (Tt(a) = q~ 2lt a and tr t (&) = 6, and the modular element is S = \a\ 2 . 
The dual von Neumann algebra is 

M := i finite sumsj] /fc,i(|o|, for / M e L°° (g 2 x g 2 ) 

[ M 

Here a = u\a\ and & = v\b\ are the polar decompostions of the operators 

a = s*®\®l®m, b = s*m <g> (—to -1 ® m~ 1 s* + m _1 s* ® s*) <g> s. 

The formulas for the dual comultiplication and the dual left invariant weight 
are the same, but this time in terms of a and b. 



6 



2.5 One-parameter groups of automorphisms of von Neu- 
mann algebras 

Consider a von Neumann algebra M C B(H) and a continuous group homo- 
morphism a : R — * Aut(M), 1 1— ► uj. There is a standard way to construct, for 
every z € C, a strongly closed densely defined linear multiplicative in z operator 
a z in M. Let <S(z) be the strip {y £ C | Im(y) 6 [0, Im(z)]}. Then we define : 

• The domain D(a z ) is the set of such elements x in M that the map t i— > 
<Jt{x) has a strongly continuous extension to S{z) analytic on S(z)°. 

• Consider x in D(a z ) and / the unique extension of the map t i— > at (a;) 
strongly continuous on <S(z) and analytic on S(z)°. Then, by definition, 
cr z (x) = f(z). 

If x is not in D(o~ z ), we define an unbounded operator a z (x) on H as follows: 

• The domain D(a z (x)) is the set of such £ S i? that the map i i— > ot(a:)£ 
has a continuous and bounded extension to S(z) analytic on S(z)°. 

• Consider £ in D(a z (x)) and / the unique extension of the map t \— > at(x)(, 
continuous and bounded on S(z), and analytic on S(z) . Then, by defi- 
nition, a z (x)£_ = f(z). 

Let x in M , then it is easily seen that the following element is analytic 
x(n) := ^ J + °° e~ nt2 at(x)dt. 
The following lemma is a standard exercise: 

Lemma 1 1. x{n) — > x a -strongly-* and if '£ € T>{o~ z {x)) we have a z (x(n))£ - 

2. Let X C M be a strongly-* dense subspace of M then the set {x(n), n G 
N, x € X} is a a -strong-* core for a z . 

Proposition 1 Let A be a positive self-adjoint operator affiliated with M and 
u a unitary in M commuting with A such that o~t{u) = uA lt for all t 6 1, then 
o~_±(u) is a normal operator affiliated with M and its polar decomposition is 

o~_±(u) = uA^ . 

2 v ' 

Proof. Let a S R and T> a the horizontal strip bounded by R and R — ia. 
Let £ £ T>(Az). There exists a continuous bounded extension F of t i— > ^4 l *£ on 
2?i analytic on Tf[ (see Lemma 2.3 in [13]). Define G(z) = uF(z). Then G(z) is 

2 2 

continuous and bounded on S{— |) = 2?i , and analytic on <S(— |) . Moreover, 
G(<) = uF(t) = uA u i = a t (u)£, so £ G^^-ifa)) and cr_, (u)f = G(-§) = 
uA^£. Then ui^ c er_i (it). The other inclusion is proved in the same way. ■ 
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2.6 The Vaes' weight 

Let M C B{H) be a von Neumann algebra with a n.s.f. weight <p such that 
(H, l, A) is the G.N.S. construction for <p. Let V, a t and J be the objects of the 
modular theory for p, and 8 a positive self-adjoint operator affiliated with M 
verifying a t (S is ) = \ ist S ls , for all s,i£l and some A > 0. 

Lemma 2 f 1J$ There exists a sequence of self-adjoint elements e n G M , an- 
alytic w.r.t. a and commuting with any operator that commutes with 6, and 
such that, for all x, z G C, 8 x a z (e n ) is bounded with domain H, analytic 
w.r.t. a and satisfying crt(8 x a z (e n )) = 5 x o~t+ z (e n ), and o~ z (e n ) is a bounded 
sequence which converges *- strongly to 1, for all z G C. Moreover, the function 
(x, z) i — ► 8 x a z (e n ) is analytic from C 2 to M . 

Let N = | a G M, aSi is bounded and a<5^ G 7V y j. This is an ideal cr-strongly* 

dense in M and the map a ^ A(aSi ) is <7-strong*-norm closable; its closure will 
be denoted by Aj. 

Proposition 2 JJ^| / There exists a unique n.s.f. weight (p$ on M such that 
(H,l,A$) is a G.N.S. construction for ips- Moreover, 

• the objects of the modular theory of tps are J$ = A* J and V5 = J5~ 1 J5\/, 

• [Dip s : Dtp] t = 

2.7 Main results 

Let (M, A) be a I.e. quantum group with left and right invariant weights p 
and ip = p o R y and the corresponding modular groups a and a . Let G 
M®M be a 2-cocycle, i.e., a unitary such that (fi® 1)(A® t)(fi) = (l®f2)(t(8) 
A)(fi). Then obviously A n = QA(.)Q* is a comultiplication on M. If (M, A) 
is discrete quantum group and f2 is any 2-cocyle on (M, A), then (M, An) is 
again a discrete quantum group pp. If (M, A) is not discrete, it is not known, 
in general, if (M, An) is a I.e. quantum group. Let us consider the following 
special construction of fl. Let G be I.e. group and a be a unital normal faithful 
*-homomorphism from L°°(G) to M such that a®ao Aq — A o a. In this case 
we say that G is a co-subgroup of (M, A), and we write G < (M, A). Then the 
von Neumann algebraic version of Proposition 5.45 in 8J gives 

r t oa = a and R o a(F) — a(F(-^ 1 )), VF G L°°(G). 

Let * be a continuous bicharacter on G. Then Q, = (a® ct)(^>) is a 2-cocycle 
on [M, A). In [3] it was supposed that cr t acts trivially on the image of a and it 
was shown that in this case, ip is also Ao-left invariant. Here we suppose that 
at acts by translations, i.e., that there exists a continuous group homomorphism 
1 1— ► 7t from K to G such that at(a(F)) = a(F(.7 t -1 )). In this case we say that 
the co-subgroup G is stable. Then o~ t also acts by translations: 

a' t o a(F) = Roa-toRo a(F) = a(F(-7 ( T 1 )) =a t o a(F). (1) 
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In particular, 8 lt a{F) = a(F)S u ,V t e R, F € L°°(G). In our case <p is not 
necessarily A^-left invariant, and one has to construct another weight on M. 
Note that (t, s) i— > "J (74, 7 S ) is a bicharacter on R. Thus, there exists A > such 
that \&(7t, 7s) = A Jts for all s, t € R. Let us define the following unitaries in M: 

u t = A l ~a (#(-,7t )) and u t = X^a (#(7t » 0) • 

Then equation ([I]) and the definition of a bicharacter imply that u% is a cr-cocycle 
and vt is a a -cocycle. The converse of the Connes' Theorem gives then n.s.f. 
weights <pn and ipn on M such that: 

U t = [-Dy>n : -D^]t an d v t = [Dipn ■ Dip] t . 

The main result of Section[3]is the following. We denote by W the multiplicative 
unitary of (AT, A), and put W£ = fi(J <g> J)VFO(J <g> J). 

Theorem 1 (Af, An) is a Z.c. quantum group : 

• </3n is te/C invariant, 

• ^n *s rig/it invariant, 

• W^n «s i/ie fundamental multiplicative unitary. 

• The scaling group and the scaling constant are T t = Tt, Vq = v. 

If G is abelian, we compute explicitly the modular element and the antipode. 

In section 2] we construct the Rieffel's deformation of a I.e. quantum group 
with an abelian stable co-subgroup G < (Af , A) and prove that this construction 
is dual to the twisting. Switching to the additive notations for G, define L 7 = 
a(u 7 ) and f? 7 = JL~ ( J, where 7 6 G, u~ ( = (7,5) € L°°(G), and J is the 
modular conjugation of ip. Then Proposition [3] shows that G 2 acts on Af by 
conjugation by the unitaries L 7l f? 72 . We call this action the left-right action. 
Let N — G 2 ix Af be the crossed product von Neumann algebra generated by 
A 7li72 and ir(x), where 7$ € G and x € Af, and let be the dual action of G 2 on 
N. We show that there exists a unique unital normal *-homomorphism T from 
TV to N®N such that T(A 7l , 72 ) = A 7l , ® A , 72 and r(7r(x)) = (7r® 7r)A(x). Let 
$ be a continuous bicharacter on G. Note that, for all g £ G, we have G G, 
where ^ g (h) = ^(h,g). We denote by 0* the twisted dual action of G 2 on iV: 

Ci^)^) = ** 9 i,* 9 2 0(ffi.ffa)( x ) A * 91 ,* S3 > for an y 5i,52 G G, x e G 2 k A/, 

(2) 

and by TVq the fixed point algebra under this action (we would like to point out 
that Nq is not a deformation of N, it is just a fixed point algebra with respect 
to the action 0* related to O). Put T = (\ R <g> A L )(**) € N <g> iV, where A fl 
and Al are the unique unital normal *-homomorphisms from L°°(G) to iV such 
that Al(u 7 ) = A 7i o and Xr(u 7 ) — Ao, 7 , and put TnO) = Tr(-)T*. Then we 
show that Tq is a comultiplication on Nq and construct a left invariant weight 
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on (Nq,Tq). Because 6>* 1!?2 (A 7l , 72 ) = %,<te(A 7l , T2 ) = (7i,5 , i)(72,5 , 2)A 7l , 72 , 
we have a canonical isomorphism N = G 2 x M — > G 2 x A^n intertwining the 
twisted dual action on TV with the dual action on G 2 x Nq. Denoting by ip 
the dual weight of (p on N and by ct its modular group, we show that w t = 
\~ %t Ar(^(— 7t, .)) is a (T-cocycle. This implies the existence of a unique n.s.f. 
/in on N such that w t = [D /in : Dp] t . Moreover, one can show that /in is 
invariant. Thus, there exists a unique n.s.f. /in on Nq such that the dual weight 
of fj,Q is /in. In order to formulate the main result of Section [H let us denote by 
(M n ,An) the dual of (M, An). 

Theorem 2 (iVn,Tn) is a Z.c. quantum group and /in is left invariant. More- 
over there is a canonical isomorphism (Nq,Tq) ~ (Mn, An)- 

Note that the Rieffel's deformation in the C*-setting was constructed by the 
first author in 0] , see also Remark Q] and [5] for an overview. 

In Section[5]we calculate explicitly two examples. It is known that if H is an 
abclian closed subgroup of a I.e. group G, then there is a unique faithful unital 
normal *-homomorphism a from L°°{H) to C{G) such that ot{uh) — ^o{h), for 
all h G H, where Xq is the left regular representation of G, so H < (£(G),Ac) is 
a co-subgroup. The left (and right) invariant weight on C(G) is the Plancherel 
weight for which cr t (A g ) = SQ(g)\ g , for all g G G, where 8q is the modular 
function of G. Then a t ° ct(u g ) = a(u g (- — 7 t )), where 7 t is the character on 
K defined by (7t,g) = 5Q %t {g). Because the vector space spanned by the Uh for 
he H is dense in L°°(H), we have o- t oa(F) = a(F(--j t )), for all F £ L°°(K). 
Thus, H < (£(G),Ag) is stable. So, given a bicharacter ^ on H, we can 
perform the twisting construction. The deformation of the Haar weight will be 
non trivial when H is not in the kernel of the modular function of G. 

Let G = C* k C be the az + b group and H = C* be the abelian closed 
subgroup of elements of the form (z,0) with z 6 C*. Identifying C* with 
Z x R* + : 

Z x R* + -> C 1 , (n,p) 7 „, p = (re* 9 ^ e iInrln ' , e iBfl ), 

let us define, for all xel, the following bicharacter on Z x R!j_: 

y x ((n,p),(k,r))=e^ klnp - nln ^ 

and perform the twisting construction. We obtain a family of I.e. quantum 
groups (M X ,A X ) with trivial scaling group and scaling constant. Moreover, we 
show that the antipode is not deformed. The main result of Section 15.11 is the 
following. Let us denote by ip the Plancherel weight on C(G) and by a subscript 
x the objects associated with (M x , A x ). 

Theorem 3 We have: 

• [Dp x : Dp] t = \f eU * t0) , - A£_ 2ite)0) . 
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• (M_ z , A_ z ) ~ (M x , A x ) op and ifx,y>0 with x ^ y then (M X ,A X ) and 
(My, A y ) are not isomorphic. 

The von Neumann algebra of the dual quantum group (M X ,A X ) is generated by 
two operators a and (3 affiliated with it and such that 

• a is normal, (3 is q-normal, i.e., (3(3* = q(3* (3, 

• a(3 — (3a and a(3* — q(3*a, with q — e ix . 

The comultiplication is given by A x (a) = a ® a and A x ((3) = a® (3+ (3 ® 1. 

For the dual (M x , A x ) we deform, like in the Woronowicz' quantum az + b 
group, the commutativity relation between the two coordinate functions, but 
the difference is that we also deform the normality of the second coordinate 
function. 

The second example of Section [3] is the twisting of an already non trivial 
object. Consider the Woronowicz' quantum az + b group (M, A) at a fixed 
parameter < q < 1. Let a : L°°(C 9 ) — > M be the normal faithful *- 
homomorphism defined by a(F) = F(a). Because A(a) = a® a, one has Aoa — 
(a ® a) o Aci. Thus, we have a co-subgroup C q < (M, A) which is stable: 

a t o a(F) = a t (F(a)) = F(a t (a)) = F{q- 2U a) = a(F(^)), 

where 74 = q 2lt € C q . Performing the twisting construction with the bicharac- 
ters 

^ x {q k+lv ,q l+t,p ) = gMW-lv), Vx G Z, 

we get the twisted I.e. quantum groups (M X ,A X ). The main result of Section 
15.21 is the following. Recall that we denote by a = u\a\ the polar decomposition 
of a. 

Theorem 4 One has A x (a) = a®a and A x (b) = u~ x+1 \a\ x+1 ®b+b®u x \a\~ x . 
The modular element 5 X = \a\ Ax+2 , the antipode is not deformed and we have 
[Dip x : Dip] t = |a|~ 2ixt . Moreover, for any x,y G N, one has: if x ^ y, 
then (M X ,A X ) and (M y ,Ay) are not isomorphic; if x ^ 0, then (M X ,A X ) and 
(M_ x , A_ s ) are not isomorphic. The von Neumann algebra of the dual quantum 
group (M x , A x ) is generated by two operators a and (3 affiliated with it and such 
that 

• a is normal, (3 is p-normal, i.e., (3(3* =p(3*(3, 

• a(3 — q 2 (3a and a(3* = p(3*a, with p = q~ Ax . 

The comultiplication is given by A x (a) = a® a and A x (/3) = a ® (3+ (3 ® 1. 

We refer to [S] for the explicit example of the twisting in the C*-setting of 
the group G of 2 x 2 upper triangular matrices of determinant 1 with the abelian 
subgroup of diagonal matrices in G. Next subsection contains useful technical 
result. 
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2.8 Abelian stable co-subgroups 

Let G < (M, A) be a stable co-subgroup with G abelian. For all 7 S G, the map 
1 1 — ► (7, 7 t ) is a character on M, so there exists A(7) > such that (7, j t ) = ^(7)*' 
for all t e K. 

Proposition 3 Let G < (M, A) be a co-subgroup with G abelian. Then: 
1.(1 <g> L 7 )W(l <g> L*) = W(Z 7 ® 1), (1 <g> ® # 7 ) = (Z_ 7 ® 1)W, (3) 

/or a/Z 7 € G, so we /icrae two commuting actions a L and a R of G on M : 
a 7 (x) = L^xL* and a^(x) = RyxR*. This gives an action of G 2 on M 
a 7l j72 = a 7l o a^ 2 such that 

{i®a lul2 )(W) = (L; 2 ® 1)W(L^ ® 1). (4) 

2. If G < [M, A) is stable, then, for all x £ A/^ and all 7 € G, we have 
a%(x),afl(x) € A/^, Z 7 A(x) = A(a 7 J (x)) ; and i? 7 A(x) = X(j)-ik(a^(x)). 

Proof. Since A(Z 7 ) = Z 7 ®Z 7 , A(x) = W^*(1®2;)J¥ and (J®J)W{J®J) = 
W* , it is easy to check the first two equalities. The equality for a follows 
immediately. To prove the second assertion we need the following 

Lemma 3 (|8j) Let w £ X, a £ M, and b £ T>(a_±), then auub £ X and 

t(aujb) = aJo-_i(b)*J£(u). 

Let us prove the second assertion. By the first assertion we have a 7 ((w ® 
l)(W)) — (L 7 lu (g) i)(W). Take uj £ X. By Lemma 02 we have Z 7 cj € X and 

A(a£(A(w))) - A(A(L 7 w)) - Z 7 A(A(o;)). 

Because \{X) is a core for A, for all x £ A/^, we have a 7 (x) S A/^ and 

A(a 7 (a;)) = L 7 A(i). 

By the first assertion, we have « 7 ((a;® t)(W / )) = (wi_ 7 ® i)(W). Note that 
ot(Z 7 ) = A(7)~ 4 *L 7 , thus L 7 S 2?(er±) and o~« (Z 7 ) = A(7)^Z 7 . Take uj £ X. 
By Lemma O we have o;Z r S I and 

A(a*(A(«))) = A(A(o,Z_ 7 )) = A( 7 )^ 7 A(A(c)). 

Because A(X) is a core for A, this concludes the proof. ■ 
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3 Twisting of locally compact quantum groups 

Let G be a I.e. group and (M, A) a I.e. quantum group. Suppose that G < 
(M, A) is a stable co-subgroup. We keep the notations of Section 12771 Note that 
the maps (t > a(^(-, 7 t ))) and (t i— > o^^^ 1 , ■))) are unitary representations 
of R in M. Let A and B be the positive self-adjoint operators affiliated with M 
such that A lt = a(#(-,7 t -1 )) and B ls = a^fr" 1 , •))■ We have A(A) = A g> A, 
A(B) = B(g>B. Note that a t (A ts ) = a(*(-7 t ~\ 77 1 )) = A 4St A' iS . Also we have 
a s (B lt ) = a s {B lt ) — X lst B lt , so the weights (pa and Vfi are the Vaes' weights 
associated with ip, X and A, and with ip, X and B, respectively. In the sequel, 
we denote by An the canonical G.N.S. map associated with tpn, and by F 1— ► F 
the ^-automorphism of L°°(G x G) defined by h) = F(g^ 1 , gh). Theorem 
[T]is in fact a corollary of the following result. 

Theorem 5 For all x,y G A/^ n , we /iave Ao(cc)(y ® 1) € Afip a ®tpa and 

(A n ® An) (A n (x)(y ® 1)) = W5(A n (y) <8> An (a)), 
where = f2(J <g> J)WVL{ J ® J). 
Proof. Let us introduce the sets 

N = |x € M, £74.2 is bounded and xA'J G A^j| and 

L = I a; € iV, A^^xAi is bounded and A(aAi) g £>(A~2) j . 

When y E L, we denote the closure of A~^xA^ by A~^yA^ . By definition, iV 
is a cr-strong*-norm core for An, and Proposition[T8l shows that the same is true 
for L. As An is closed in these topologies, it suffices to prove the theorem for 
elements x € N and y € L. The first step is as follows. 

Lemma 4 Let x E N, y £ L and F G (a ® a){L°°{G x G)). TTien 
(A(x)F*y (g) 1)(A* ® A*) is bounded and 
(A(x)F*(y (g) (g) A3) = A(xAl)F* f A~3yAs ® l) . 

Proof. Note that A(A?) = At> ® = VF* (l ® A^j W. Let x E N and 
£ € gj Al). Then VK£ G D(l g) A*) and 

A(x)(A* gj A^)£ = W*(l<gi:r)WW*(l<» A^)WC 
= W*(l®a;)(l(gi Ai)V7^ 
= W*(l(8arA5)WC = A(xA*)£. 
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Thus, A(x)(A = ® A%) C A(xAz) and because it is densely defined, we have 
shown that, Vx G N, A(x)(Ai <8>A?) is bounded and A (x) (As ® A^) = A(xAs). 
If x € N, y £ N , the commutativity of (a <g> a)(L°°(G x G)) implies: 

(A(x)F*(y® ® A*) = A(x)(l® A2)F*(yA3 ® 1) 

= A(x)(A* <g) A*)(A~2 <g> l)F*(yA* ® 1) 

= A(x)(A3 ® A^)F*(A _ ^A^ ® 1) 

C A(xA2)F* ^A-3yA2 ® l) . 

Since (A(x)F*(y ® 1))(A5 ® As) is densely defined, the proof is finished. ■ In 

what follows, we identify L°°(G) with its image a(Z/°°(G)). Note that 

(i® a t )(F) = {L®at){F), for all L°°(G x G). 

By analytic continuation, this is also true for (=z£C and F G 2?(t ® cr z ). 

Now we construct a set of certain elements of ■N'u> Q ®u> Q and give their images 
by An ® A n . 

Lemma 5 Let x € N, y € L and F € L°°(G x G). 7/F € X>(t<8 (7_a) i/ien 

A(x)F* (y <x> 1) G N Va ® Va and 
(A n <g> An) (A(x)F*(2/ <g> 1)) = (J® J)VK(i®CT_,)(F)(J® J) (a~* A n (y) ® A n (x)) . 
Proof. According to Proposition l20l and Lemma |4j it suffices to show that 

VF G V{l® cr_,), A(xA?)F*(A~?yAi ® 1) G and, 

(A® A) (a(xAT)F*(A Z ^aT® 1)) (5) 
= (J <g> J)V^(t <g> <j _i_){F)(J ® J) (A-Un(y) <8> A n (x)) . 

Let F G L°°(G x G). We identify cr with its restriction to L°°(G). A direct 
application of LemmaQ] (2) gives that L°°(G) T>(a_±) is a er-strong* core for 
t® cr_i . Taking into account the observation preceding this lemma and because 
A® A is tr-strong*-norm closed, it suffices to show for F G L°°(G) &T>(a_±). 
By linearity, we only have to show ([5]) for F of the form F = F\ <g> F2 with 
Fi,F 2 G L°°(G) and F 2 G T>(a_>). Proposition [H gives A'iyA^ G A^, so 
A(xA5)(F 1 *A^5yAs ® 1) G W^y, and writing 

A(xA3)(F x * ® F 2 *)(A-5yA2 ® 1) = A(xAs)(F 1 *A-|yA2 ® 1)(1 ® F 2 *) 
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with l0F 3 e V(l (g) (7_±), we see that A(xA^)F*(A^^yA^ (g> 1) g and 

(A <g> A) ( A(^4* )F* (A-syAs <g> 1)) 

= (l®Ja_i(F 2 )j) (A (g) A) (A(^Ai")(F 1 M-3j/AT ® 1)) 

= (l®Ja_±(F 2 )j) W*k{F{ 1) A-^yA?)® A(xA^) 

(by definition of W) 
= (l <g> Ja_^(F 2 )j) (J ® J)W(J ® J)(-F* <g> l)A(A-^A^) <g> A(xA5) 

(because VK* = (J ® J)W( J <g> J)) 
= (J <g> J) (l ® <r_|(F 2 )) W [R(Fi) <g> 1) (J ® J)A-2A Q (y) ® A n (x) 

(because = Jx*J, and A(yl~3yA^) = An(y) by Proposition [18]) 

= (J ® J)WA (o-_|(F 2 )) J)A-iA u (y)®A Q (x) 
(because A(x) = W*(l a;)W). 

So we just have to compute: 

A (<r_$(fa)) (W) ® 1) ( 5 , ft) = FxQrV- a (F 2 )( 5 ft) 

= {i®a_i)(F)(g-\gh) = (L®77)(F)(g,h). 
■ The next lemma is necessary to finish the proof of the theorem. 

Lemma 6 

(1) We have JA~i = A? J. 

(2) The operator (t ® er_±)(f2) is normal, affiliated with M ® M, and its polar 
decomposition is 

(i®CT_|)(fi) = f2(A~i ® 1). 

Proof. Let a£l and 2? Q the horizontal strip bounded by K. and R — ia. 

(1) Let £ 6 2?(v4~ 2 ). There exists a continuous bounded extension F of 
£ i— > A 1 *^ on P_i which is analytic on 2?%. The function G(z) = JF(z) is 

2 2 

continuous bounded on Di and analytic on T>® . Moreover : 

2 2 

i?^r")( ff ) = *Qr\ 7t ) = *(p,7t _1 ) = for all 9 eG,(el. 

Thus, JA i4 J = i?(A- 1 *) = A lt . We deduce G(t) = JA U £ = A U J£. This means 
that J£ e ©(A*) and A^J£ = G(-§) = JF(|) = JA-4f, so JA"* c A^J. 
The other inclusion can be proved in the same way. 

(2) Note that 

(i ® ( 7 t )(0)( ff , ft) = <k{g-\gh^ 1 ) = ^Gr^ft)*^) = ® 
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We conclude the proof applying Proposition [TJ ■ 
We can now prove the theorem. Let x G N and y G L. Put £ = JAo(y) € 

and?? = JAn(x). By Lemma[B](2), A^igjr? € D ((t® cr_±)(fi)). Thus, 
using Lemma [T] (1), there exists Q„ G L°°(G xG)fl f(t ® cr_i ) such that 

fi„ — * cr-strongly* and (i®cr_i.)(fi n )(A'£®?7) — > (t®cr_i)(Q)(A2£®?7). 

Because F — F, we also have ri„ — ^ cr-strongly*, so 

A(x)Q* (y ® 1) -> A(x)fZ*y ® 1 cr-strongly*. 
By Lemma[5j A(x)0*(2/® 1) G N va ($v>n and 

(An®Ao)(A(s)n;(y®l)) = (J ® J)W(t ® cr_i)(O n )(J ® J) (^HAn(y) ® A n (x) 

= (J ® J)W{l ® cr_ * )(0 n )(A5£ ® 77) (by Lemma Ell)) 

-» (J (8 J)W(iOcr_i)(0)(A^(g)7/) 

= (J® J)WT2(£® 77) (by Lemma Hp)) 
- (J® J)PFf2(J® J)(A n (y)® A n (x)). 

Because An ® An is cr-strong* - norm closed, we have A(x)Q* (y ® 1) G > 
so An(x)(y ® 1) € Af va ® vn and 

(A n ® A n ) (A n (a;) (y 01)) = ft (An ® A n ) (A(x)Q*(y ® 1)) 

= fi(J® J)WO(J® J)(An(tf)®A«(z)) 
= W3(An(y)®An(aO). 



Let i?n = uR{x)u* be the *-anti-automorphism of M, where u = a(^(- 1 , •)). 
Proof of Theoren{J\ Let x,y £ Af vn ■ By Theorem^! we have 

|| (An® An)(An(x)y®l)|| 2 = ||An(y) <8 An(x)|| 2 

^ i^Aniy) ® vn) (An(x*x)) = w Ari(!;) (l)( / 9n(x*x). (6) 

Let G M*, w > 0. The inclusion M C #(-ff) is standard, so there is £ G Zf 
such that w = u>£. Let a, G M such that An (a,) — > £. Then 

^(aoW^w^), for all a; G M. (7) 

To show that (pa is left invariant, it suffices to show that An(£*ir) G A/" t g)a>n 
when x G A/"p n . Indeed, in this case we have, using ([7]), 

UJ A n (a,){ 1 )fn{x*x) -> w(l)</?n (x*x) and, 
( w An(as) ® Vn) (A n (x*x)) -> (w ® <yfn) (An(x*x)). 
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This implies, using ©, that for all oj € M+ and x £ J\f<p n , 
(uj <g) tpn) (A n (x*x)) = w(l)(^ n (a;*x), 
i.e., </?n is left invariant. Let us show that Ao(x*a;) G A/l® Vn . We put 

m = (t, ® vn)(A n (x*a;)) G ^ xt - 

The spectral decomposition of m is to = J °° \de\ + oo .p. From ^ we see 
that, for all y G A/"^, m(ui Asi ^) < oo. Thus, the set {w € M+ | m(w) < 00} is 
dense in M+. This implies p = and m = tot, where T is the positive operator 
affiliated with M defined by 

T = / Ade A . 
Jo 

So, we only have to show that T is a bounded operator. Using again ([6]) and 
the definition of tut, we see that, for all y € A/^, An(y) G D(A^) and 

||TUn(j/)|| 2 = ^a(^)||An(y)|| 2 . 

Thus, T is a bounded operator. 

It is easy to check (see [TB]) that Aq o J?q = cr(i?n ® i£n)Ao, so the right 
invariance of ipa o ifo follows. Thus, (AT, An) is a I.e. quantum group and it 
follows immediately from Theorem [5] that Wh is its multiplicative unitary. Our 
next aim is to show that ipn = ipn o Rq. We compute: 

R (ua%(u*)) (g) = uQrV (g" 1 lt ) = u{g)^{g- l lt ,g- l lt ) 

= u( 5 r)u*( ff )*(<?- 1 , 7t ) , I'(7t,<? _1 )*(7t,7t) 
= \ lt \A u B lt )(g). 



This implies 
[D<p n o R n : £ty] t 



= [D (pn)* oR;DyoR] t =R ([£> ( m ) u : £></>]*_*) 
= ii([£>(¥>n) u : D^,]* t )ie([I>¥»n : ^]I t ) 
= i?(ua n t (u*))i?(A- lj rA l * X 



Thus, = ifn ^?n- In order to finish the proof, we have to compute the 
scaling group and the scaling constant. Recall that if (M, A) is a I.e. quantum 
group, then the scaling group is the unique one-parameter group r t on M such 
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that A o at = (n ® cr t ) o A. Since (t ® «7t)(fi) = fl(A lt ® 1), using r t o a = a, we 
have (r t ® <7{)(f2) = £l{A lt ® 1), which gives: 

(r t ® of )(Ao(a;)) = (1 <g> A Jt )(r t <g> cr t )(0)(r t ® a t )(A(x))(r t ® <7t)(0*)(l ® A" 4 *) 
= <g> A lt )(r t <g> a t )(A(a;))(A- 1 * ® A~ u )n* 

= nA(A lt )A(a t {x))A(A~ lt )n* 
= *n(o?(x)). 

This relation characterizes the scaling group of (M, An). Recall that the scaling 
constant of (M, A) verifies ipor t = u^cp. Because Tt{A %s ) = A %s , for all t, s G M, 
we deduce that (^n o r t ° = o r t = v^ t tf^- Thus, v n = v. 
Let us denote by X and Y the operators 

X = fl* and Y = (J ® J){u* <g> J ® J). 

Note that ^*(g,h) = **(flr\ g)^(g,h), so f2* = (u* ® 1)0 and 

ffsj = (J ® J)frW*(J <g> J)fT = (J <g> J)0*(J <g> J)WTT = YWX. 

From now on we suppose that G is abelian, we switch to the additive notations 
for its operations and denote by G its dual. Recall that the notations m 7 , L 1 
and R 1 where introduced in Section [2T7l Note that R(L^) = L* = L_ 7 . 

Proposition 4 Rq is the unitary antipode o/(Af, An). Moreover, 

• S n = 5A- X B, 

• V(S a ) = V(S) and, for all x G V{S), S n (x) = uS(x)u*. 

Proof. If (M, A) is a I.e. quantum group, then the unitary antipode is 
the unique *-anti-automorphism R of M such that R ((t(g> uj^. v )(W)) = (i ® 
| - l -'Jr;,j^)(W / )- Let us define two *-homomorphisms by 

7r' : L°°{G xG)->M® M' : tt'(F) = (J <g> J) (a <g> a)(F)*{J <g> J), 
7T : L°°{Gx G) -> M <g> M : tt(F) = (a <g> a)(F). 

We want to prove that, for all F,G £ L°°(G x G) and £, 77 G ff, 

((i (8 u tn ) (V (F) VKtt(G)) ) = (4 ® WjlJ ,j 6 ) (tt' (G)Wt(F)) . (8) 

By linearity and continuity, it suffices to prove ijHJ) for F = and 
G with 7j G G. We have 

7r (u 7l ® u 72 ) = L- 7l ® -R_ 72 and 7t(m 73 ® tt 74 ) = L 73 ® L 74 , so 
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7T (u 7l 1A 72 ) W7r(li 73 ^74) I I 

= ((t <g> o;f )7 j) (i- 71 ® R- l2 WL 13 ® £ 74 )) 

= (i_ 7l (t ® i 74 .w^.ii_ 72 ) (W) £ 73 ) 

L_ 73 i?((i®a;L^,R 72 ^(W))i 7l 

L_ 73 (t®wj^ 2 ^j^ 4e ) (W)i 7l 

L_ 73 (i <8> ul 72 j, )Ry4 J£ ) (W) L 7l 
= (t® L~ f2 .ujj rh j£.R- li ) (L- 73 ® lWL~ fl ® 1) 
= (i(g) uj v ,j$) {L- 13 ® i?_ 74 WL 71 ® i 72 ) 

= (t ® loj v ,j{) (it (u l3 ® u 74 )VF7r(u 7l ® u 72 )J • 

Note that y = /(f ), X = tt(**) and tt(*)(u* ® 1) = f2(tt* <g> 1) = f2* = X 
Also, using R(u*) = u*, we have 

(u®l)7r'(**) = (u ® 1)(J ® J)f2(J ® J) 

= (J ® J)(R(u*) ® l)fi(J ® J) 

= (J ® </)("* ® 1)0(J (g) J) 

= (J ® J)tt*(J (g) J) = F. 

Using these remarks and relation (|SJ), one has 

ifc((t®w € ,„)(W n )) = tti2((t®w t ,,)(7r'(*)W7r(**)))u* 

= (i®Uj VjJi ) f(li® l)7r'(**)VK7r(*)(M* ® 1)) 

= (i®wj,, Jf )(WI) 
= ^<H)w Jnn ,j n£ )(Wn). 



Where we use, in the last equality, the fact that Jq = As J so t>Jj nv ,j n £ — wjr;,j{- 
This relation characterizes the unitary antipode of (M, An). We have 

[.D^n : Dpn]t = [Dipn : Dyj] t [D^ : D<p] t [D<p : Dtp n } t 



Thus, Sq — 8A~ 1 B (because we have seen in the proof of Theorem [T] that 
ipfi = Rq)- The last statement is clear. ■ 
Remark. If (M, A) is a Kac algebra, (M, An) is not in general a Kac algebra 
(see Section I5~T|) . However, in the case considered in [3], [IB], and [BJ, when 
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a(L°°(G)) belongs to the fixed point subalgebra of M with respect to at, then 
7t is trivial and we have A~ 1 B = 1, so (M, An) is a Kac algebra . 

Remark. The map L°°(G x G) -> B(H ® H) : F ^ n (F)Wn(F*) is cr- 
strong*-cr-weak continuous. So, if (x i— > ^ x ) is er-strongly* continuous map from 
K to L°°(G x G) such that ^> x is a continuous bicharacter, for all x £ R, then, 
denoting by the multiplicative unitary of the twisted I.e. quantum group 
associated with ty x , the map x i— > from R to the unitaries of B(H £g> H) is 
a- weakly continuous. This is the case for the example of section 15. II and for the 
examples constructed in [5] and [5] . 

4 Rieffel's deformations of locally compact quan- 
tum group 

This section is devoted to the proof of Theorem O We use the hypotheses and 
notations from the previous section and from Section 12.71 So let G < (M, A) 
be a stable co-subgroup with G abelian. Recall that we have (see Section 12. 8p 
two unitary representations of G : 7 1— * L 1 and 7 i— > i? 7 of G. This gives two 
*-homomorphisms from L oc (G) to B(H), ttl and 7Tr, respectively. We have 

7T L = a and n R (F) = Ja(F(—))J = JJa(F)JJ. 

Recall that Wq = YWX, where X = (a <g) «)(**) = (tt l <g) tt l )(^*) and 
Y = (J® J)0*(J® J) = (tt l <g> 7T fl )(*) = (a(it) ® 1)(tt l ® 7Tij)(**). Note that 
G < (Mq, An) is also stable (by the preceding section), so the results of section 
I2.8l can be applied also to G < (Mq, An). Thus, we have a left-right action a of 
G 2 on M and also a left-right action (3 of G 2 on Mq. We denote by the same tt 
the canonical morphism from M in the crossed product N — G 2 x M and from 
Mq in G 2 x Mq. Also we denote by A 7l , 72 the canonical unitaries in the two 
crossed products and by the same 9 the dual action on G 2 x M and G 2 x Mq. 
Recall that 9 and A verify 

^1,92(^71.72) = < 7i,5i >< 72,52 >A 7l , 72 . 

The unitary representations 7 1— > A( 7 ), 7 > Am, 7 ) and A give unital normal 

*-homomorphisms Ai,,Ar : L°°(G) — > G 2 x M and A : L°°(G 2 ) -> G 2 x M 
verifying 

Aj, (it 7 ) = A( 7;0 ) , A_r(u 7 ) = A( 0)7 ), A(u( 7li72 j) = A 71i72 . 

Since A(/i <g> / 2 ) = A L (/i)A fl (/ 2 ), then 

^i, 9 2)(A i (F))=A i (F(-- 5 i)), foranyFeL°°(G). (9) 
= A fl (F(- -ftO), for any F g L°°(G). 

We have for the twisted dual action 0*: 

C^)^))^^*^!^)^))' forall^GM. (10) 
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Considering the following unitaries in M TV: 

X = (aOAiX**) , Y = (a®\ R )(9) = (a(u)®l)(a®A R )(**), W = (t®7r)(W), 

we put Wn = YWX. Let ATq be the fixed point subalgebra of G 2 x M under 
the twisted dual action. The step to prove Theorem [2] is to show that Mq is 
isomorphic to Nq, for this we need a preliminary lemma. Let B be the von 
Neumann algebra acting on H and generated by {(ui t)(WO*) \ oj £ B(H)*}. 

Lemma 7 We have: 

• B V {L 7 1 7 G G}" = MV {L 7 | 7 G G}" ; 

• 6v{i? 7 | 7 eG}" = MoV{i? 7 | 7 eG}". 

Proof. First, take a net in the vector space spanned by elements 
such that J2 c i-j u nnj ~^ ^ strongly*. Then (ui i)(Wn*) is the weak limit 

of Y^CijiL-yi-u ® 0(^)^-7,1 so S C M V {L 7 I 7 G G}". For the converse 
inclusion note that {uo®l){W) = (u L)(Wfl*fl). Thus, (w0 i)(W) is the weak 
limit of Cij^^.uj i)(VFf2*)L 7:j . The second assertion can be proved using 
the same technique. ■ 

Proposition 5 There exists a * ^isomorphism p : G 2 x M — > G 2 k A/q inter- 
twining the actions on G 2 x M and 9 on G 2 x Mn . Moreover, 

Proof. Remark that if we put V = {T T)U where T : — > L 2 (G) is the 
Fourier transform and [/ : L 2 (G x G) if — » L 2 (G x G) if is the unitary 
defined by (U£)(-f 1: j 2 ) = L 7l f? 72 £(7i, 72) then 

y7r(x)y* = x, 

VX^.qV* = ti 7 1 L 7 , 
7A 0)7 V* = l0U 7 0f? 7 . 

Applying a a t, we conclude that the crossed products can be defined 
on if if if by: 

G 2 x M = {L 7 1® L 7 I 7 G G}" V {1 L 7 f? 7 I7 G G}" V 1 1 M, 
G 2 x Mo = {L 7 (g 1® L 7 I 7 G G}" V {1 L 7 f? 7 | 7 G G}" V 1 <g 1 Mn. 

Put W = (J® J)V7(J0 J). Then W*(l (g z)W = A°P(a;), for all x £ M 
and [W, 1 y] = 0, for all y £ M. We have also Wn = (in in)Wfi( Jn Jn) 
with similar properties. 

In the following computation we use the relations W*(l L 7 )W = L 7 L 7 , 
W(l0f? 7 )W* = L 7 0f? 7 and similar relations with Wn. We use also the equality 
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[Wi3^3i> ^23^23] = implying [WO^, 1 ® y] = 0, for all i/e8. Finally, using 
Lemma [7J we have: 

G 2 K M = {L 7 ® 1 ® L 7 1 7 G G}" V {1 ® L 7 ® i? 7 | 7 G G}" V 1 ® 1 ® M 

I Ad(Wi 3 ) 

{1®1® L 7 }" V {L 7 (g) L 7 (g) i? 7 }" Vlgl^M 
= {1 <g 1 ® L 7 }" V {L 7 <g L 7 <g R-y}" V 1 «) 1 <g i? := Li 

I Ad(0 3 2W 2 * 3 03iW 1 * 3 ) 

{L-y (g L 7 (g L 7 }" V {1 (g 1 (g i? 7 }" V 1 ® 1 <g) B 
= {i 7 (gL 7 (gi 7 }" V {l<g l<gi? 7 }" V l(g l<gMo := L 2 

I Ad((W ) 23 ) 

{L 7 <g> 1 (g L 7 I 7 G G}" V {1 (g L 7 (g i? 7 I 7 G G}" V 1 ® 1 <g Mn = G 2 x Mq. 

Define p := p 2 o o Pi , where pi , and p 2 are the isomorphisms from G 2 K M to 
Li, from Li to L 2 , and from L 2 to G 2 x Mq, respectively. Then one can check 
that P°6f 1 ,g 2 ( x ) — ®gx,gi °p( x )i f° r a H 51)52 € G and for all x of the form A 71 72 
(or i 7 (g 1 (g L 7 and 1 <g L 1 (g i? 7 in our description of the crossed products). 
Thus, to finish the proof we only have to show that (u (g l)(Wq) G Nq and 
p((w (g t)(Wh)) = 7r((w (g t)(Wn)). Using ©, one computes 

(^C^))^) = (^^ 1 ^))(A > )-(a®A L )(**(.,.-.g 1 )) 
= (a<g <g l)(a® Al)(**) 

= (a(* gi ) ® 1)X. (11) 



Similarly 

(^C^))^) = (^^ 1 , 32 ))(^) = (^^ 1 , 92 ))((«®A«)(*)) 

= (a®Afl)(*(. ) .- fl2 ))=y(o(* fl!l )®l). (12) 
And, using (fTUl) and Q, one has 

(^Cw))^) = (t®»r) ®1)W(L*_ SI ®1)) 

= (a(*JJ® 1)^(0^)®!). (13) 

Now (HU), HI]), and USD imply (4 ® 0f gug2} )(W u ) = Wq, so (w ® OO^h) € JV n . 
Now we want to show that p((oj ® = 7r((o; ® t)(Wo)). We take a 

net in the vector space spanned by elements such that ^ Cij (u 7i ® 

u 7i ) — * * strongly*, so Cjj(L_ 7j ® A_ 7i ,o) ~> A and ^ Cjj(a(u)® l)(L_ 7i ® 
Ao,- 7j ) — > Y strongly*. This implies 

^c j ,jC fcj iA ,_ 7J 7r((L_ 7fc .w.£_ 7( .a(u) ® t)(W0)A_ 7I , -» (w® t)(W n ) weakly. 
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Thus Pi((uj <8> i)(Wq)) is the weak limit of the net 

y^c»,jCfe,i(-k-7j ® i- 7j - ^- 7 j)(l <8> 1 ® (L_ 7fe .w.L„ 7i .a(u) <g> t)(W))(l ® 1 ® £ 
= X! ^ ( L -w ® L -w K 1 1 ® (u-L-^n .a(u) <g> t)(W ^ Ck,iL- lk 8> L — , 

— >k,i <•, ,;/. - ®L_ 7j ®ii_ 7i )(l® 1® (w.i_ 7i .a(it) ® 

and <P o pi((u> ® i)(Wn)) is the weak limit of the net 

^2 ® 1 <8 i?o,-7 3 )(l (8 10 (w.i_ Ti .o;(u) ® 

= 1 <g> 1® i)(^c 4J -(a(u) <g> l)(X- 7i <g> i?_ 7j .)Wfi*). 

Because 5ij(a;(u) ® l)(i_ 7i ® R-jj) — > V weakly, we have 

^o Pl (( W (g)i)(Wn)) = 1® 1® (w<gu)(Wn). 

This concludes the proof. ■ 

In particular, Proposition [3] implies that Nq — {(oj ® t)(%) | a; G 
and that p is a ^isomorphism from Nq to Mq which sends {u> (g> to 
(w ® Thus, we can transport the I.e. quantum group structure from 

Mq to Nq. First, we show that the comultiplication introduced in Section |2~71 
is the good one. For this we need 

Proposition 6 There exists a unique unital normal *-homomorphism T : N — > 
N ® N such that 

r(A 7l . 72 ) = A 7l! o <£> Ao l72 and r(7r(x)) = (% ® 7r)A(x). 

Proof. Like in the begining of the proof of Proposition [5] define the crossed 
product 

G 2 tx M = {L 7 (g) 1 (g) L 7 | 7 e G}" V {1 <g> L 7 <g> i? 7 | 7 e G}" V 1 ® 1 <g> M. 

Let W be the operator defined in the proof of Proposition[5]and Q be the unitary 
onH®H®H®H®H®H such that Q* = E45£ 35 W 1 * 5 W / 5 * 6 X;45- We define 
r(a;) = Q*(l®x)Q. Using that W*(L^®L^)W = L 7 ®1, A(x) = VF*(l®x)VF, 
for all x e M, [W, 1 <g> y]=0, for all y € M' , W*(l ® L 7 )W = L 7 <g> L 1 and 
[W, 1 ® y] = 0, for all y e -M, one can check that the needed properties of T. ■ 
The unitary T = (X R ® Al)(**) <E N (3 N allows to define the unital normal 
*-homomorphism rn(x) = Tr(a;)T* : N N & N which is a comultiplication 
on Nq: 

Proposition 7 For all x € Nq, we have Tq(x) S JVq ® Afo and 

(p®p)(T n (a)) = AnWi)). 
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Proof. It suffices to show that (t ® p ® p){i ® Tq)(Wq) = (W fi )i 3 (Wn)i2- 
By the definition of T, one has, for any F 6 L°°(G), 

r(A L (F)) = X L {F) ® 1 and r(A R (F)) = 1 ® A fl (F), 

and since 1 ® T commutes with X\i and with Y13, one gets: 

(fc®r n )(*) = Xi2 and (i(g>r n )(y) = y u . 

Moreover, 

(t®rn)(W) = (1 ® T)(t ® T o7r)(W)(l ® T*) 

= (l(g)T)(t®7r®7r)((t® A)(W)) 

= (1® T)(t®7T®7r)(Wi 3 Wi2)(l<» T*) 
= T 23 VK 13 VF 12 T* 3 . 

Using ([3]), we can check the following relations on the generators w 7 of L°°(G): 

W(l ® 7Tfl(F))W* = (7T L ® 7T R )(A G (F)) , 

VT (1 (g) 7r L (F))V^ = (ir L ® vr L )(A G (F)) ,for anyF € L°°{G). 

Then 

VKl2(7Tfl ® 7T L )(**)* 3 W r 1 * 2 = (7T L ® TTfl ® 7T L ) ((A G ® )) , 

W r 1 * 3 (7r R ®7ri)(**)23Wi3 = (tt l ®7r fl .®7r L ) ((a® l) ((4 ® A G )(#*))) . 
Let us define 

V = (tT L ® TTtf® 7T L ) K<7® t) ((l® A G )(**)n (tT L ®7r fl ®7T L ) ((A G ® , 

then we have 

(t®p<8p)(t®r n )(Wh) = (t®p<8p)(yi3Ta3Wi3Wi2T53X 12 ) 

= yi3^l 3 ^l 2 X 12 , 

so it remains to calculate: 

(a ® ((4 ® A G )(§* )) ( 5 , ft, t)(A G ® (*)(<?, fc, t) 

= (4® A G )(**)(/ l)5 ,t)(A G <g>i)W(ff,/i,t) 

= **(-ft,/i + ff + i)*(-ff-^,5 + ^ + t) = 5 + h + 1) 

= y*(g,t)V(g,h). 

Thus, V = X13Y12, and this concludes the proof. ■ 
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Remark. One can show that a and (3 are actions of G 2 on the reduced dual 
C*-algebras A and Aq. Moreover, the *-isomorphism p gives a ^-isomorphism 
between the reduced crossed products G 2 k A and G 2 k Aq. So A is nuclear if 
and only if Aq is nuclear. Moreover, the twisted dual action gives a deformed 
G 2 -product structure on G 2 k A and the Landstad algebra for this G 2 -product 
is [(cu ® t)(Wn)]> and it is isomorphic to Aq. These results can be obtained 
directly from the universality property of crossed products (see [4]). 

The rest of this section is devoted to the computation of the left invariant 
weight on (Nq,Tq). Since p : N = G 2 t< M G 2 tx Mq is a ^-isomorphism, 
one can consider two natural weights on N, <p>\ = ip, the dual weight of ip on N, 
and ip2 = 0q ° Pi where ipn is the dual weight of p>n on G 2 k Mq. 

Lemma 8 We have: 

1. [Dip o a 7li72 : D<p] t = (72,7*) = [Dfin ° /3 7ll72 : D0 n ] t Vt € R, ¥71,72 € 
G. 

2. [Zfyi o 9f ugs : D<pfi t = *(7t,52), for allteR and all gi ,g 2 G G. 

5. For any n.s.f. weight v on N , v is invariant under the action if and 
only if 6^ ([Dp : D<pfi t ) = *( 7tl52 )[£> 1 / : Dipfi t . 

Proof. Using Proposition [3j2) , and because L 1 and i? 7 are unitaries, we 
find p o — <p, ip o = A( 7 )<£, so 

o a 7l , T2 : D0] t = [£>£ o a£ o a* : D(p o a£] t [D0 o a* : D0] t 

= «^ 72 ([D0 o : [Dtp o a« : 

= A(7 2 ) 14 = (72, 7t)- 

The right-hand side of the first equality is obtained by considering the stable co- 
subgroup G < (M, An)- Let us prove the second assertion. Let (71,52 £ G, define 
the unitary v := A(^_ g ,* ), and denote by </?i|„ the weight = 991 (rat)*). 

Using the first assertion, we have 

[Dtpfi v : D<p 1 } t = v*o-l(v)=v*(y g2 ,-f t )v = <f( lt ,g 2 ). 

Note that ipi o 0f 1>g2 =^1^0 6 gitg2 , so 

[%°^, 32 : ^Vi]t = [£Vi|i> S i,s2 : ^Vi ^91 ,32]* [Dtpi o 9 gug2 : Dtp-fit 
= 0-91,-92 ([Dpfiv ■ Dpfi t ) = *( 7 t,52). 

Putting u t — [Dv : Dpfi t and using the second assertion, one has 

[Duo6l tga : Dv] t = 0* git _ mt {i H )[D<p 1 oBl tga : D<pfi t u* t = 9* gu _ g2 (u t M lt ,g 2 )u* t . 

This concludes the proof. ■ 
Note that, using Lemma [5] {TJ , we have, for all t G M, F E L°°(G 2 ), 

a t 1 (A(F)) = A(F(,. +7t )) = ^ 2 (A(F)). (14) 
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Let T be the strictly positive operator affiliated with N and such that T %t — 
Afl(#(-7t, .))■ Using (O, we find <j}{T is ) = X~ its T is , so one can consider the 
Vaes' weight /in associated with T and A -1 . This is the unique n.s.f. weight 

on N such that [Dfi n : Dtpx] t = \^~T lt . From © we have Og ug2 (T u ) = 
Afl(*(-7t) ■- 92) = ^{lt,92)T lt . By Lemma^S), /in is invariant under 6>*,so 
the image /xq op -1 of /in in G 2 k Mn is invariant under the dual action. Thus, 
fi-n is the dual weight of some weight pn on Mq. To finish the proof of 

Theorem [2] we will show in Theorem [6] that = ip^, for which we need 

Proposition 8 For all t € M and all x £ N, we have 

aUx)^T lt al(x)T' u . 

Proof. By (fT?|) , it suffices to prove this equality for elements of the form 
(uj ® l)(Wq). By definition of of, we have 



° 2 t ((a 



w®o(Wh)) = (p?H®0(Wh), 



where = aj(<5 n lt T^ t (a;)). Proposition [4] gives 

p?(x)=u(6- it A it B- it T t (x)). 
On the other hand, using HU), one has 

(t<g>o-l){X)=X, (t®c7 2 )(f) = (A lt ®l)Y, 

which implies 

{i®(j l t ){Wn) = {A u ®l)Y{p t {uj)®i){W)X 

= {A lt ® l)Y{5- u ®l){T_ t ®i){W)X 
= {B lt ® l)(8- it A it B- it ® l)(r_ t ® t)(Wn) 
because cP*a(.)<5~ Jt = oj(.) and r t o a = r t 
= (B**®l)(i®a t 2 )(Wn). 

Next, using (|3|) with the character xtQ?) = ^(7*, g), we find 
{B lt (g>l)W n = Y{L_ Xt ®l)WX = Y{i®Tr){{L_ Xt ®l)W)X 

= Y{l®tt) ([l®R Xt )W{l®R* Xt ))X= (1® A fl (xt))Wh(l® Aii(x*)*) 

= (i ® r^w^i ® r i{ ). (15) 

Thus, for all t G R,w € M*, one has 

^((wguXWh)) = (w®i)((S rt ® l)(t®^)(#fi)) 

= (w ® ® ct 2 )((1 ® T~ l ')W^(l ® 
= T- i *af((w®4)(Wh))T it ) 

where we used, in the last equation, a1(T ls ) — \- lst T ls . ■ 
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Theorem 6 We have yn — (fin ■ 

Let us denote by <pp the Plancherel weight on C(G 2 ), by Ap its canonical 
G.N.S. map, by A^ and A^ the *-homorphisms L°°{G) — ► C(G 2 ) coming 
from the representations (7 1— > ^(70)) an< ^ (T l— * ^(07))' respectively, and by 
Tf = A^ 2 (\I/(— 7t, •). Thus, T = Ti(g)l. We also introduce the *-homomorphism 
a'(F) = Ja(F)*J and denote by F ^ F° the *-automorphism of i°°(G x G) 
defined by /i) = F(h, g + h). 

The standard G.N.S. construction for <pi is (L 2 (G 2 , H), l, Ai), where a er- 
strong-*-norm core for Ai is given by 

V 1 = {(x®\){u®l){W)\x£N vp , we j}, 

and, if x G A/ y p, w £ I, we have 

Ax ((a;®l)(w®t)(W r )) = A P (x) <g> 

Let Aq(u;), Zq, and £q be the standard objects associated with (M, Aq). For 
<^2, we take the G.N.S. construction (L 2 (G 2 , H), p, A 2 ), where a <7-strong-*-norm 
core for A 2 is 

©2 = {(ar <g> l)(w <g> t)(Wn) I a; G A/^p, w € In] , 
and, if x G A/ V p, iv £ In, one has 

A 2 ((a;® l)(w<g> = Ap(s)®&H- 

Let us introduce the following sets: 

C\ = |.x G 7V VP I T^(x <g> 1) is bounded j , 
C? = {xGd|Ap(x) GPfT^)}, 

C 2 - {w Cl)J e2h|»7eX>(^-i)ni>(B3)}. 

Lemma 9 For all ujc „ G C 2 one /ias a> _ 1 , u) 1 G X. Moreover, 

T/ie following set is a a -weak-weak core for A 2 : 

Z> = |(x <g> <g> L){Wn) I a; G C?, U£, v G C 2 | . 

Moreover, if x G Ci and w^ )7) G C 2; i/ien 

A 2 ((x ® ® t)(Wh)) = A P (x) ® £_(uj 1 ). 
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Proof. Let uj^^ G Iq and r\ G V(A 2). Let e„ be self-adjoint elements, like 
in Lemma [2] for the operator A. When x G Af^, we have 

^i.A-iv ienX * )l = \(^x^ ) A-^r,)\ = \((A-h n )x^,r,)\ 

= \{(xA-h n )% V )\ < C\\A n (xA-ie n )\\, 

because xA^^e n A^ is bounded and its closure, which equals to xe n , belons to 
N<p. Thus, we obtain 

Since \u> 1 (e n x*)\ — > \u> 1 ( x* )|, we conclude that u> 1 isinX. More- 
over, for all x G Af v , we have 

(£n{ut,r,), (e„)JA(a;)) = (£n(wf, n ), A(a;e n )) = (^o(^ jt? ), AnOcA - ^)) 

= uJz !V (A-h n x*) = {e n x*^,A-^r)) 

= {i{u iA _ h ^Ja_ h {e n )JK{x)). 

Taking the limit when n — > oo, we conclude that £0,(^,7) = £(w ^-i )• 

Suppose that 77 G V(B^). Let / m be self-adjoint elements, like in Lemma 
[21 for the operator B. Note that f m commute with e n and w, also e„ commute 
with u. Let us show that uB? f m A^ e n is analytic w.r.t. a. We have 

*(-(ff-7t),5-7t) = A~ lt2 *(- 5 ,5)*(5,7t)*(7t,5), 
so CT((u) = A~ l * uA~ lt B~ lt and, using LemmaHJ we obtain 

trttttB'/^e,,) = A- l * 2 U A-"B- 4 * J B^a t (/ m )A^ t (e„) 
= \- u2 uB?- u a t (f m )A^ u a t (e n ). 

Define the following function from C to M: 

f(z) = \-* z2 uBi-™cr z (f m )Ai- lz a z (e n ). 

By Lemma [2j / is analytic, so uB? f m A^ e n is analytic, and we have 

a_i(uB? f m A^e n ) = \iua_i(f m )a_i(e n ). 

Thus, for x G Af v , xu* Bi f m e n Ai is bounded and its closure, which is equal 
to xu*B? f m A?e n , belongs to J\f v . Moreover, 

K,«*B3,/ e "^ m:E *)l = \(enf m x*tu*B^i])\ = \(B^ f m e n ux*^,T])\ 



= \((xu*Bif m e n y £,ri)\ < C\\A(xu* B^ f m Ah n ) 
< C\\J\iua_ i (f m )a_ 1 (e n )JA(x)\\. 
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Taking the limit over m and n, we get 

KwBir,^ ^ C\\JuJK{x)\\ < C|H|||A(a;)||. 
Thus, uj 1 £ X. Moreover, for all x £ j\f w , one has 

(£( w £)U . B ^)>^-±(^V-±(/m)^ A («)) = ^ B i ?? ), A(xe„/ m )) 

= w ^ B i^(e n f m x*) = (e n f m x*£,,u*B2r)} = (x*£,u*B? f m A^e n A^^ri) 

= {uB?f m A*e n x*Z ) A-*r)) =w i ((ra'B^/^e^'j 

= (e(^- 4j7 ),A(^*-Bl/ m Aie n ')) =^(^ A _i )j ) I JAi U( 7_ i (/ m )a_ i ( en )JA( a; )) 

= (AiJuVC(w C)A _ ii? ),Ja_ 4 (e B )(7_ 4 (/ m )JA(x)). 

Taking the limit over m and n, we get ffw 1 ) = A% Ju* J£(ui 1 ). 

Now we want to prove that I? is a a- weak- weak core for A2 . Because T = T\ ® 1, 

1 . . 1 

we know that T^(x ® 1) is bounded if and only if T^x is bounded. Thus, by 

Proposition [181 C\ is a <7-strong*-norm core for Ap, and, by Proposition [T71 
it suffices to show that the set {(uj <£> t)(Wn) |cj € C2} is a er-strong*-norm 
core for Aq. Let x = (ui^ v <X> t)(Wn) with cj£ )T) € 2q . Let L = NxN with 
the product order and consider the net Xt n , m ) — ( w ?,e n / m j7 ® i)(W / si)- Because 
e n fmV —> Vi we have xi nm \ — > a; in norm. Note that e n f m r] £ T>(A~ i)f\T>(B?- ). 
Moreover, using the same techniques, one can show that W{, e „/ m r) G Xn- Thus, 
u)£ t e n f m ri G C2 and we have, for all x € M such that xA^ is bounded and 
xA^ e A/^, 

(An(x (rvm) ),An(x)) = (^(^, e „/ m7 ,),A fi (x)) = (x*£,e n f m r]) 

= ((xe n f m )*£,ri) = (€a(uj£, n ), A n (xe„/ m )), 

because xe n f m Ai is bounded and xe n f m A^ = xA^e n f m £ A/" y , so 

(Afi(x ( „ iJn) ), A (x)) = (Cn(wf )7J ), Jcr_i (e„)a-_i(/ m )JA(xAi)) 
= (^cr> (e n )o-i (fm)J£n(ut,v)> A o(z)) 

Thus, An(x(„ jm) ) = Jeri (e„)cr> (/ m ) JAn(x) -> A n (x). ■ 
Next proposition describes the image by Ai of typical elements from A2. Let 
us define the unitaries 

U = (Xf <g> a)(* )* and V = (Ag 2 <g> a')(cr**). 

Proposition 9 Let iGCf and a> € M* 6e sucft i/iai uiu £ X, then Ap£g)£(u;ii) £ 
V(T-$), (x ® 1)(cj ® i)(Wh) € Af Vl and 

Ax f(x ®l)(w® O(Wn)) = ^^A P (j;) ® CM). 
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First, we need some preliminary results. 

Lemma 10 Let J\ be the modular conjugation associated with ipi . Then, for 
all F G L°°(G), 

(\¥®a)(A a {F)) = J 1 \ L (F)*J 1 . 

Proof. Using Lemma [8] ([3]), we see that ((71,72) 1— > L 11 R l2 ) is the standard 
implementation of the action a on H = Hp, so the operator J\ is given by 
■A£( 7 l,72) = £- 7l -R- 72 J£(— 71, — 72), for £ e L 2 (G 2 ,H). It is now easy to 
check the needed equality for F — u 7 with 7 G G. Because (A£ a) o and 
■^iAi(.)*Ji are *-homomorphisms, this concludes the proof. ■ 

Define one parameter groups of automorphisms of L°°(G) : r y t {F){x) — 
F(x— 7t) and of M : cr t (x) = Jat(JxJ) J. Note that a t oa — a oj t . By analytic 
continuation, a (F) G V(a' z ) and a' z (a (F)) = a (~/ z (F)) VzeC, F G £>( 7z ). 

Lemma 11 Let F G L°°(G 2 ), x £ N VP , and uj £ X. If F £ / D( / y_± t), i/ien 

(Ag 2 a){aF) £ Z>(t ), (a; l)(w b) ((a X R )(F)W(a A L )(F)) G 
and 

Ai ((x l)(w 1) ((a ® Ai?)(F)W(a A L )(F))) 

= (Af a)(F°)(t <x\) ((Af a')(aF)) A P (x) f ( w ). 

Proof. Because 2?(7_i) L°°(G) is a er-strong* core for 7_i t and Ai is 
it- weak- weak closed, we can take F £ P(7_i) L°°(G). By linearity, we can 
take F — F 1 <S> F 2 with Fi € X>( 7 _ . ) and F 2 G L°°(G). If x £ JV VP and uel, 
then 

(x l)(w t) ((a A fl )(F)VK(a A L )(F)) 
= X R (F 2 )(x l)(a(i?i).w.a(J'i) i)(W)X L (F 2 ). 

Because Ft £ I'(7_±), we have a(Fi) e T>(a_±). Lemma [3] and the definition 
of Ax imply (x l)(a(Fi) • u> ■ a(Fi) € 7V yi and 

Ax (fx l)(a(Fi) ■ w • a{F ± ) i)(WQ) 

= (10 a(Fx))(l Ja_i(a(F 1 )*J)(A P (x) 

= (l0a(F 1 ))(l0a'( 7 !,(F 1 )))(Ap(x)0£M). 

Moreover, (H|) gives X L (F 2 ) £ N Vl , so 

Ar(F 2 )(:e l)(a(Fi).w.a(Fi) i)(W0Ai(F 2 ) G A/" Vl and, 

Ai (A fl (F 2 )(a; l)(a(F 1 ).w.a(F 1 ) t)(VF)A L (F 2 )) 

= JiA L (F 2 )* JiX r (F 2 ){1 a(F))(l a' ( 7 _ * (F 1 )))(A P (a;) 

= JiXl(F 2 )*Jx(1 o(Fi)) ((Af (F 2 ) 1)(1 a'( 7 _ | (F 1 )))) (A P (a;) 

(because Xr(F 2 ) — Af (F 2 ) 1 commute with 1 a(Fi)) 
= (Af a)(A G (F 2 )l F x ){xf a')((F 2 1)(1 7 _i(F 1 )))(A F (a;) 
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where we used Lemma QJJ] in the last equality. Note that 

(A G (F 2 )1 ® F!)(g, h) = F 2 {g + h)F x {h) = F{h l9 + h) = F°{g, h), 
and because 

(Af ®a')((F 2 ®l)(l® 7 _ | (F 1 ))) = (Af®a')(M 7 -i)(^)) 

= (t ® </_ i)((Af ® a')(o\F)), 
we conclude the proof. ■ 
Lemma 12 The operator (t ® cr_ i )(V r ) is normal, affilated with C(G 2 ) ® M , 

2 

and its polar decomposition is (t ® c__i)(V) = V^T^ 2 ® 1) = V^T^s. 

2 

Proof. We have (i® yt)(<r i &*)(9,h) = **(ft,5)**(-7t,fi), so 

(t ® ^(V) = (Af ® a')((i ® 7t)(^*)) = ^(Tf u ® 1). 

We conclude the proof by applying Proposition [TJ ■ 
Proof of Proposition [3 Let a; S Cj 1 and ui £ M* such that oj ■ u € T. By 
Lemma IT21 A P (x) ® £(u> ■ u) £ V{{l ® a_ L )(V)) and 

2 

(t ® a'_i)(V)Ap(x) ® f(w • it) = FT"5A P (a;) ® £(w • u). 

2 

By Lemma [TJ F(n) — > cr-strongly* and 

(t ® c_j_)(V(n))Ap(x) ® £(o> • u (x) ® £ (w ■ u), 

2 

where 

= e-"* 2 ( t ® f j;)(y)* = (Af ®a')(a**(n)), 



with **(n) = Je" nt (74 ® t)(** So **(n) is analytic w.r.t. (i i-> 7 4 ®t) 
and 4'*(n) — > , 3>* u-strongly* . Now we can apply Lemma [Til to v E'*(n) and 

w • u : (x® l)(w -u® t) ((a® A fi )(**(n))W(a ® Ai,)(**(n))J G A/" pi and 
Ax ((a?<8l)(wu<8u) ((a® A fl )(**(n))W(a ® A L )(**(n)))) 
= (Af ® a)(**(n)°)(i ® cr\)(Wn))Ap(x) ® f (w • 11). 

2 

Note that 

(a®Ai?)(^*(n))W r (a®AL)(**(n)) -> (a®A i? )(1'*)W / (a®AL)(**) cr-weakly, so, 

(x®l)(w-u®i) ((a® A fl )(**(n))T^(a® Az,)(**(n))) -> (x®l)(w®i)(Wh) cr-weakly, 
and 

(Af ®a)(**(n)°)(i®cr\)(F(n))Ap(x)®£(w.u) -> C/yr^A P (a:)^(w.«) weakly. 

2 

Because Ai is cr-weak-weak closed, this concludes the proof. 
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Lemma 13 Let 77 G V(B%), £ G H and x G C\. Then 

(x^l)(ui^. ri ®L)(Wn)T^ is bounded and its closure is T^{x® l)(w 1 ®l)(Wq). 

£,B2~r] 

Proof. Using (Tf5|), for all t G E, we have W n (l <g> T**)W£ = B lt <g> T lt , so 
Wh(l <8> r4)WJ5 = B^®ri Let ij G £ e ff, x e d, fe V(Ti), and 

I G L 2 (G 2 ,H), then 

((s®l)(w e ,, J ®0(W r n)T*/,Z) = (Wh£®T*/,T7® (a® 

= ((B4®TJ)Whf®/,tj®(x®l)*Z) 

= ((l®(s®l)T*)Whf <8>/,.0*»?<8>l} 

- (ri(a:®l)K 1 ®t)(Wb)/»0- 

Thus, wehave (a;® l)(o; ?it7 ®t)(Wn)r3 c T3(a;® l)(w 1 ®t)(Wh). Because 
T>(Tz) is dense, this concludes the proof. ■ 
Proposition 10 Let i € Cf and cj£ )7) € C2. TTien 

MiH^gilWe^nA/;, and 

A„ ((x <g> l)(w CjlJ <g> = \iuV{l ® Ju*J)A 2 ((x (g) (8 t)(Wh)) • 

Proof. Let x G C? and u^ v G C 2 . By Lemma [TBI (x <g> 1)(^,, ® t)(H^)T3 is 
bounded and its closure is Ts(x® l)fw 1 ® t)fWh)- Moreover, by Lemma 
[91 cj 1 • ti = 1 e I, so we can apply Proposition [9l and we find that 

(x ® l)(w B i <g> i)(Wh) G 7V Vl and 

A x ((x ® 1)^^ <8> 0(Wh)) = C/UT-Up(x) ® u , b4?) ). 

Finally, using Proposition [181 and because commutes with UV, we find that 
r£(x® l)(w 1 ®t)(Wh) £JV W and 

Ax (^(x^l)^^ ® t)(Wh)) = f/UAp(x) ® e(w f)U . B4ij ). 
By LemmalU £(w = ^ J u * J£,n{u£, v ), so 

Ai (t^(x ® l)(w s i ® 0(^n)) = ^UV(l ® Ju*J)A P (x) ® 
= A4l7V(l ® Ju*J)K 2 ((x O l)(w €> , ® 0(^n)) ■ 

■ Proof of Theorem Let 
I? be the er- weak- weak core for A 2 introduced before Lemma [9] By Proposition 
[TOl I? C A/" M fl and there is a unitary Z such that A 2 (x) = ZA fJi (x), for all 
x G 2?. By Proposition [HI <f2 = p,Q, so <pn = fin- 
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5 Examples 



5.1 Twisting of the az + b group 

Our aim is to prove Theorem [3l According to Section 12. 71 if H is a closed 
abelian subgroup of a I.e. group G, then H < (C(G), Ac) is an abelian stable 
co-subgroup. The morphism a : L°°(H) — > C(G) is given by a(uh) — Xc(h), 
and the morphism (f h-> 7t ) : R — ► H by ( / y t , h) = Let G — C* k C and 

X C G be the subgroup X = {(z,0), z S C*}. The modular function of G is 
S G (z,w) = \z\~\ for all z G C*, weC, and ( 7t ,z) = for all z6C*,(el. 
Let us identify C* with Zxt; : 

Zxl^D, ( n ,p) ^ J n<p = {re i0 h-> e^^'e*" 9 ). 

Then 7i — (0, e 4 ) € Z x E* . For any iel, there is a bicharacter on Z x : 
*z((n,p),(£;,r)) = e fe(*i»P-nlnr)_ Let (M X ,A X ) be the I.e. quantum group 
obtained by twisting. Then ^((n, y0),7 t ~ ) = e* xt ™ = u e ;xt ((n, p)), and we get 
the operator ^ deforming the Plancherel weight ip: 

4? =«(t» e «-*) = Agi fc>)0 ). 

Since ^(7*, 7s ) = 1, for all s, t G K, the twisted left-invariant weight ^ satisfies 
[Dip x : D(p]t — Aj* — A^ 4te q n. The modular element of the twisted quantum 
group is 

4* = a(* s (.,7t)**(-7*,0) = Ag-»t. i0)) 

so (Jj; is not affiliated with the center of £(G), and the twisted quantum group 
is not a Kac algebra. Let us look if (M x , A x ) is isomorphic for different values 
of x. Since ^ x is antisymmetric, "$!- x = '&*, and A is cocommutative, we have 
A^^ = aA x . Thus, (M_ x , A_ x ) ~ (M I ,A I ) op . Moreover, using the Fourier 
transformation in the first variable, one has immediately Sp(5 x ) — q x U {0}, 
where q x — e~ 2x . Thus, if x 7^ y, x > 0,y > 0, one has ^ q y and, 
consequently, (M X ,A X ) and (M y ,A y ) are not isomorphic. 

In order to finish the proof of Theorem [31 we must compute the dual I.e. 
quantum group. The action of K 2 on L°°(G) can be lifted to its Lie algebra 
C 2 which does not change the result of deformation (see [6]) but simplifies cal- 
culations. The group C is self-dual with the duality [z\, z%) 1— > exp (Tm(ziZ2))- 
Let i£l. The lifted bicharacter on C is ^ x (z 1: z 2 ) = exp (ixIm(ziZ2)) ■ The 
action p of C 2 on L°°(G) is 

p ZuZ2 (f)( Wl ,w 2 ) = f(e z ^ Wl ,e-^m 2 ). (16) 

Let N = C 2 k L°°(G) and be the dual action of C 2 on N. One has, for all 
z, w € C, ^(if, z) = m X z(u'). So, the twisted dual action is 

®ZI,Z2. = ^- X ~Z1^Z2^Z U Z 2 (')^~XZ U X12' ^X^) 

Let M x be the fixed point algebra. We will construct two operators affiliated 
with M x which generate M x . Let a and b be the coordinate functions on G, and 
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a = 7r(a), (3 = 7r(6). Then a and /3 are normal operators affiliated with N, and 
(fT6)) gives 

A 2l , Z2 «A: iiZ2 = e«-*a, A Zi , Z2 /3A: 1iZ2 = e"* 1 /?. (18) 
Now, using (TT7]) and |TH]), wc find 

C%(«)=e a;( ^ + ^ ) a, <: Z2 (/3)=e^/3. (19) 

Let Ti and T r be the infinitesimal generators of the left and right translations, 
so Ti and T r are affiliated with N and A Zl Z2 = exp (ilm(ziTi)) exp (ilm^T,,)) • 
Then A(/) = /(T;,T r ), for all / <E L°°(C 2 j. 

Lemma 14 Let i = e xT ' and R = e xTr , then 

• (fl,L) is a e x -commuting pair. 

• (/3, i?) is a 1- commuting pair. 

• (a,R) is a e~~ x -commuting pair. 

• (a,L) is a e x -commuting pair. 

Proof. Note that Ph(L) = e -« ImT ' = A_ Xi0 and \L\ ls = e lsxKcTl = \ sxfi , so 
CEBD gives \L\ ls (3\L\- ls = e~ isx (3 and Ph(L)/3Ph(L)* = e x (3 which means that 
(/3, L) is a e^-commuting pair. The proof of the other assertions is similar. ■ 
Define U = A(* x ) and a = U*aU, v = Ph(L)Ph(/3) and B = \L\\/3\. Then 
a is normal, B is positive self adjoint, both affiliated with N, and v £ N is 
unitary. 

Proposition 11 d and B are affiliated with M x and v <E M x . Moreover, 

{f(a)g(B)h(v), /GL 00 (C),.gGL 00 (M;),/ieL 00 (§ 1 )} = M x . 
Proof. We have 

= Ue lxlm( -~ 2Tl) e lxlm{ ~ lTr) y x {z 1 ,z 2 ) 

= U\- X z 2 . X z 1 ^ x (z 1 ,Z 2 ). 

This implies, using (fill) and TO : 

Ot: Z2 (a) = e x ^ + ^U*\ x - Z2 ^ xSl a\ xS2i _ xli U = a. 

Also, 
and 

C% 2 (") = e teIm(T * -2l) e <xIm(2l) Ph(/3) = v. 
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Thus, a and B are affiliated with M x and v £ M x . Let 

W={zf(a)g(B)h(v)y, f G L°°(C), g G L°°(R*j_), h G i^fS 1 ), z, y € A(L°°(C 2 ))} . 
By Lemma [15j it suffices to show that W = N. Note that 

{zf(a), f G L°°(C), z G A(L-(C 2 ))}" = {zU*f(a)U, f G L°°(C), z G A^C 2 ))}" . 
Substituting z i— > z{7, we get 

(z/(a), / G L°°(C), z G A(L°°(C 2 ))}" = {zf(a)U, f G L°°(C), z G A(L°°(C 2 ))}" . 
Observe that 

{/(a)z , / G L°°(C), z G A(i°°(C 2 ))}" = {*/(«) , / G L°°(C), z G A(i°°(C 2 ))}" , 
so 

{zf(a), f G L°°(C), z G A(L°°(C 2 ))}" = {/(a)z[/, / G L°°(C), z G A(i°°(C 2 ))}" . 
Substituting z i— > zC/*, we get 

(z/(d), / G L°°(C),z G A(L°°(C 2 ))}" = {/(a)z, / G L°°(C), z G A(i°°(C 2 ))}" , 

SO 

// 

W = (f(a)zg(B)h(v)y, / G L°°(C), g G L°°(R;), /i G L 00 ^ 1 ), z, y G A(L°°(C 2 ))} . 
Note that 

{zg(B), g G L°°(R* + ), z G A(i°°(C 2 ))} = {zB ls , s G M, z G A(i°°(C 2 ))} 
= {ze lstRcTi |/3| IS , s 61, x G A(L°°(C 2 ))}" . 

Substitution z i— » 2;e _4S * ReT! gives 

{zg(B), g G L°°(K;), z G A(i°°(C 2 ))} = {z|/3p s , a G M, z G A(L°°(C 2 ))}" 

= {zg(\[3\), g G ^(R;), z G A(L°°(C 2 ))}" . 
Afso, one can prove that 

{h(v)y, h G L^S 1 ), y G A(i°°(C 2 ))}" = {h(Ph(3)y, h G ^(S 1 ), y G A(L°°(C 2 ))}" . 
Thus, 

W = {f(a)zg(\p\)h(Phf3)y, f e £°°(C),s e L°°(M;),ft g ^(S 1 ), z, y g A(L°°(C 2 ))}" 
= {f{a)zg{fl)y, f,geL°°(C), z, y G A(L°°(C 2 ))}" . 

Commuting back /(a) and z, we have the resuft. I 
Let (3 = vB. Then (3 is a ciosed (non normal) operator affiliated with M^. 
Let us give now the commutation relations between a, j3. 

35 



Proposition 12 a and T ; * + T* strongly commute, and a = e xtyTl +T r \ so the 
polar decomposition of a is 

Ph{a) = e-' lxIm(T ' +T ^ Ph(a) = Ph(L)Ph(R)Ph(a), \a\ = e xR < Tl+T ^ \a\ = \L\\R\\a\ 
Moreover, the following relations hold with q = e 2x : 
. [3(3* = q0*0, 

• (a, 0) is a y/q-commuting pair. 
Proof. Since 

e iIm( 2 (T ! *+T;)) ae -iIm( Z (T I *+T; ) ) = X _-,_-a\*_-_- = e"^Q = a, 

T ( * + T* and a strongly commute. Moreover, since e lxlmT i T i = l 5 

g _ e -ixlmT,T* ae ia;ImTiT* _ g-irfmT, (Ti+TV)* ^ixImT, (T,+T r )* 

This equality, the strong commutativity of TJ* + T* with a, and the equality 
e -iximT,uj ae iximT,uj _ e xu a i mp iy q, = e x ( T i* + T * ) . The polar decomposition of 

a follows. All the relations can be checked using Lemma [TJ] ■ 

We shall give now a nice formula for A x . Let us define the following (closed 

non-normal) operator affiliated with M x ® M x : A x (0) = A x (v)A x (B). 

Proposition 13 

A x (a) = a(g>a and A x (0) = a ® 0+0 ® 1. 

Proof. Proposition [7] gives A x = TF(-)T*, where T = e" ImTr8T '*, and L is 
uniquely characterized by two properties: 

• r(T,) = T,® i, r(T r ) = i®r n 

• L restricted to L°°(G) coincides with the comultiplication A^j. 

With V = TT(U*), we have A x (a) = V(a <g> a)V*, so it suffices to show that 
(f ® J7)V commutes with a® a. Indeed in this case 

A x (a) = V{a®a)V* = {U* ®U*){U ®U)V{a®a)V* {U* ®U*){U ®U) = a®a. 
Let us show that (U ® U)V commutes with a® a. From U — e lxlmTlT r one has 

T(U*) = e - ixIlnT i® T * JJ ®U = e ixIni (TiT; ®i+i®T t T*) 
so V = e - ixIm ( T ?® T i+ T i® T ?) an d 

(U <g> J7)V = e " Im(TiT * (81+:L,8lTl ' r ' :r - T *«' T i- T i®' r ; ) 

Remark that 

T;T r * 01 + 1® r ; r; - t; ® - 7} ® r; = (t, ® 1 - 1 <g t ; )(t; ® 1 - 1 <g t;), 
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so it is enough to show that Ti ® 1 — 1 ® Ti and T* ® 1 — 1 (g T* strongly commute 
with a <g a, which follows from 



el Im^(T;<g.l-l<g.T;)^ Q , ^ Q ,s e -iIm Z (T;<g)l-l®T;) 



= (A --«) A ,-)(a«ia)(A _-«i A ,-)* 

= e~ 2 e z a (g a — a ® a , 

= (A 2 ,o <8 A_ Zi0 )(a <8> a)(A Zj0 ® A_ Z:0 )* 

= e~ z e z a (g a = a <g a. 



By definition of A^ , we have 

A X (S) =A x (e xReTj |/3|) = (e sReT '®l)T|a®/3 + i 8®l|T* ) 

A^fS) = A x (e- ixImTi Ph(/3)) = ( e -" ImT ' $ l)TPh(a <g + <g 1)T*. 
A direct computation gives 

Ph(a<E)(3 + f3(g)l)(e xRcT ' (g>l) = e x {e xRcT ' (g>l)Ph(a(g)p + (3<g)l), 

so 

A,(/3) = e x {e xT * ® l)T(a <g /3 + /3 <8> 1)T* 

= e»(e 8T * <g l)T(a® J 8)T*+e a! (e sT «* <g l)T(/3 <g 1)T*. 

Thus, it suffices to show that 

a<g/3 = e a: (e a:T '* <g l)T(a<g/3)T* (20) 
/3(g) 1 = e 1 (e ir "®l)T^®l)T*. (21) 

Let us prove j20|). Let us put T = e^e^* <g 1 = e^L <g 1 and S = T(a <g /3)T*. 
We want to show that & ® j3 = TS. For all z € C, we have 

e v r ^ ' [a ® l)e v r ^ ; = (Ao, X zQ:A a (g 1) = e (aglj, 

and, using the fact that a (g 1 and 1 (g T ; * strongly commute, we obtain T(a <g 
1)T* = a (g e 2 ^* = a <gi L. Similarly, T(l (g /3)T* =R®fi. Thus, using Lemma 
[Ml we see that the polar decomposition of S is 

Ph(S) = Ph(a)Ph(i?) (g Ph(/3)Ph(L), |5| = \a\\R\ <g |/3||L|. 

Moreover, the polar decomposition of T is given by Ph(T) = Ph(L) (g 1, |T| = 
e x \L\ (g 1, so, using Lemma [HI one can see that (T, 5) is a e^-commuting pair. 
In particular, the polar decomposition of TS is 

ITS'! = e- x |T||S| = \L\\a\\R\<g>\(3\\L\, Ph(TS*) = Ph(£)Ph(a)Ph(i?)<gPh(/3)Ph(£). 
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But PropositionHUgives Ph(d) = Ph(L)Ph(i?)Ph(a) and \a\ = \L\\R\\a\. Thus, 
we conclude that Ph(d (g) 0) = Ph(TS') and \a ® j3\ = \TS\ which concludes the 
proof of One can prove (|21[) similarly. ■ 
Now the proof of Theorem follows: Proposition [TT] says that a and /3 
generate M x and Proposition [T21 gives the commutation relations for a and (3. 

5.2 Twisting of the quantum az + b group 

This Section is devoted to the proof of Theorem [5] Let < q < 1 and (M, A) 
be the az + b Woronowicz' quantum group. Let a : L 00 ^ 9 ) — > M be defined 
by a(F) = F(a). Recall that (Section [2J]) 6? < (M, A) is an abelian stable 
co-subgroup with the morphism j t = q 2lt 6 C 9 . Let us perform the twisting 
construction using the bicharacters 

and let (M x , A^) be the twisted I.e. quantum group. 
Proposition 14 

A x (a) = a<g>ot and A x (6) = w^+Vr 4 " 1 ® 6+6 ® u x \a\~ x , 

and [D(p x : D(p]t — A x = \a\~ 2lxt . The modular element 8 X = |a| 4:E+2 ; the an- 
tipode is not deformed. If x, y S N and x ^ y, then (M x , A x ) and (M y , A y ) are 
not isomorphic; if x ^ 0, then (M Xl A x ) and (M_ x , A_ x ) are not isomorphic. 

Proof. The relations of commutation from Preliminaries give 

* x (a,q l+i -*)b = y x (u 7 q l+ ^)y x (\a\,q l+ ^)b 
= u-^lal^wl&l 

= g* e *- x, «|6|u- !e, |o| <x * 
= q ix ^- xl b^ x (a,q l+i ^). 



So, for any 7 G C 9 , one has 

^(agljK^lJfJaglj)* = (Phase( 7 )f M"^® 1). 

Put fl x = (a ® a)($f x ) = & x (a ® 1, 1 ® a). Using the previous formula and the 
fact that 6<8) 1 and 1 ® a strongly commute, one gets fi^ (6 <g> 1)^* = b<S> u x \a\~ x . 
Similarly: Cl x (l (g> 6)0* = u~ x \a\ x (g> b. These formulas give the comultiplication 
on b. The comultiplication on a is clear. We Since ^ s {lt, Is) = 1> f° r all s, t € K, 
then : ity]t =4* = **(<*> 7^) = l«l" 2te *- Put /f = Tt)**^ 1 , 0. 

then f x (q k+lip ) = q 4ltxk and a(/f) = |a| 4lta: . So, the modular element is <5 X = 
|a| 2 |a| 4a: . The antipode is not deformed because \l/ t (x _1 , x) = 1, for any x. 
The spectrum of the modular element is Spl^) — q x U {0}, where q x = q 4x+2 , 
so, if x 7^ y are strictly positive, then < 7^ g,, < 1, so q x ^ g^ , then 
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(M X ,A X ) and (M y ,A y ) are not isomorphic. Moreover, if x > 0, then (M x , A x ) 
is not isomorphic to (M_ x , A_ x ) because in the opposite case we would have 
q (4x+2)2, _ q (4x-2)z^ £ rom w ]j ere5 as x > 0, 4x + 2 = 4a; - 2 - contradiction. ■ 
The group C is selfdual with the duality (q k+i f, q l+i ^) ^ q KW+l<p) ) so one 
can compute the representations i and i? of C 9 : 

Lgfc+i* = m iv (g) s~ fc (g) 1 (g) s fc , i? 9 fc+ iv , = mT iip <g> 1 <g> m* v <g> s~ fe . 

Then the left-right action of (C 9 ) 2 on the generators of M is 

tV-H^i-H^a) = g'-^W-^fi, a qk+iv ^{b) = <z- fc -^6. (22) 

Let N = (C 9 ) 2 k M, it is generated by the operators \ q k+i V tq i+w and 7r(x), for 
x G M, and be the dual action of (C 9 ) 2 on N. The deformed dual action is 

0*fc+;v> .(ji+i* = A 9 x(fc-iv,) q *{-i+i,p)6 q k+i v tq l+iip (.)A* x(fc _ iv ) • 

Let Ma, be the fixed point algebra. The left-right action is very similar to the 
one for the classical az + b. Define a = n(a), (3 = ir(b). Then a and (3 are 
normal operators affiliated with N and one can see that 

e%^ ql+i M) = q-^+v+^+^a , e^ +i , ql+ M = q -* k+i ^p. (23) 

Let Ti and T r be the "infinitesimal generators" of the left and right translations, 
so T\ and T r are affiliated with N and 

V+*, a <+'* = ( PhT ') fc \Ti\ iv (PhT r ) 1 \T r \^. (24) 
Then A(/) = f(T h T r ) V/ G L°° ((C 9 ) 2 ) . Let [/ = A(* x ) and a = U*aU. 

Proposition 15 (T*T*) x and a strongly commute and a = (Tj*T*)~ x a. The 
polar decomposition of a is u := Pha = (PhTiT r ) x , A :~ \a\ = \TiT r \~ x \a\. 
Also, \Ti\ and \/3\ strongly commute, so we can define a positive operator B = 
\Ti\- x \(3\. Let v = Ph(Ti) x Ph(/3). Then a and B are affiliated with M x , v G M x , 
and we have the following relations of commutation: 

• ui = vu, AB = BA; 

• iBv* = q- 2x B, uBii* = q- 2x+1 B and, vAv* = g" 2 *" 1 !. 
Moreover, these three operators generate M x in the sense that 

M x = {f(a)g(v)h(B), f G ^(C 9 ), g G L 00 ^ 1 ), h G L° c (q z )^ . 
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Proof. Using ^ and we find: 



\T i T r \ i 'a\T l T r \- i ' = a, (25) 

Ph(T i T,.)aPh(T i T,.)* = a, (26) 

mrpmr 13 = q~ is p, (27) 

Ph(T,)/3Ph(T,)* = (T 1 /?- (28) 



Due to and (|2"6). a and T*T* strongly commute. Because & x (T r ,T r ) = 1, 
wehaved = * a (T,r r , T r )*a* ;c (T J T r ,T r ). Next, using ^ x (q k+i ^, T r )*a^ x (q k +^ , T r ) = 
Ai )9 -«*+i*¥> aA* q - xk+ixv = (7 _a:fe+4a::¥, Q;, and because T t T r and a strongly com- 
mute, we have 

a = \T{T r \- x (PhTiT r ) x a = (T;*T r *)" x a. 

The polar decomposition of & follows. Equality (|27|) implies that \Ti\ and |/3| 
strongly commute. Note that 

0%^ ql+ „{U) = ^ x (T iq - k -^,T r q- 1 -^) 

= U\ q *i-^^- xk+ ^ x (q k+llf ,q l+llp ). 

Then, it follows from (|22|) and (p3|) that d is affiliated with M x . Also, using 
((231) we find 6^ ql+ ^(v) = (Ph(Tiq~ k ~^)) x tf*<PPh0 = i,soie M x . In the 

same way we prove that B is affiliated with M x . It is easy to see that PhT; 
and PhT r commute with Pha and Ph/3, and because Pha and Ph/3 commute, it 
follows that uv = vu. Also, |T/| and |T r | strongly commute with \a\ and \/3\, and 
because |a| and \f3\ strongly commute, it follows that AB = BA. The relation 
vBv* = q- 2x B follows from (J27J) and ||SSJ). Remark that 

Phal^l^Pha* = q- x \Tt\-*, Ph0|T,T r |-" ! Ph/J* = q-'^T^, 

and the two last relations follow from Pha|/3|Pha* = q\j3\ and Ph/3 1 a | Ph/3* = 
g _1 |/3|. The generating property is proved as in Proposition I 111 ■ 
Let A x be the comultiplication on M x and j3 = irB. Then f3 is a closed (non- 
normal) operator affiliated with M x . As before, we define A x (/3) = A x (t))A a: (B) 
which is closed, non-normal and affiliated with M x <g> M x . The proof of the 
following Proposition is similar to the one of Proposition [T3l 

Proposition 16 

A x (d) = d(g)d and A x 0) = a ® /3+/3 ® 1. 
The proof of Theorem |4] follows from the results of this section. 



40 



6 Appendix 



Let a be an action of a I.e. quantum group (M, A) on the von Neumann algebra 
N. Let 9 be a n.s.f. weight on N and suppose that N acts on a Hilbert space 
K such that (K, i, A$) is the G.N.S. construction for 9. We define 

V Q = span{(a <g> l)a(x) | a G A/^, x G A/g}. 

Let (i?, t, A) be the G.N.S. construction for the left invariant weight ip of (M, A), 
the dual weight, and A its canonical G.N.S. -map. We recall that the G.N.S. 
construction for the dual weight 9 is given by (H <g> K, u, A), where Ag is the 
cr-strong*-norm closure of the map 

V ^ H <g> K : (a <g> l)a(:r) A(o) (g) A e (x). 

Proposition 17 Lef Ci be a a -strong* -norm core for A and C 2 a a-strong*- 
norm core for Ag. Then the set C = span{(a ® l)a(x) | a € Ci,x <G C 2 } is a 
(7 -weak-weak core for Ag. 

Proof. Let a G A/^ and x G Me- There exists two nets (cij) and (xj), with 
at G Ci and Xj G C2, such that 

a, — > a, Xj — > x cr — strongly* and A(<Xj) — ► A(a), Ag(xj) — ► A#(x). 

Thus, (a, ® l)a(xi) — ► (a ® l)a(x) cr- weakly and 

Ag {(oi <g> l)a(xi)) = A(a,) <g> A e (x t ) -> A(a) <g> A e (x) = A e ((a <g> l)a(x)) . 

■ 

Proposition 18 Lef M be a von Neumann algebra with a n.s.f. weight <p, 
(H,l,A) the G.N.S. construction for ip, and T a positive self-adjoint operator 
affiliated with M. Then C = {x G J\f v \ Tx is bounded and A(x) G T>(T)} is a 
g- strong* -norm core for A and, if x G C, then Tx G Af v and A(Tx) = TA(x). 

Proof. Let T = / + °° \de\ be the spectral decomposition of T. Let e„ = 
f™ c?eA- Then e„ — ► 1 cr-strongly*, Te„ is bounded with domain H. Let x G A/" v 
and put x n — e n x. We have x„ — > x cr-strongly* and A(x„) = e„A(x) — > A(x) 
in norm. Moreover, Tx n = Te„x is bounded and A(x„) = e„A(x) G T>(T), so 
x n G C, and it follows that C is a cr-strong*-norm core for A. Now let x G C. 
Note that e n Tx — Te n x = e„Tx is in A/^ and it converges cr-strongly* to Tx. 
Moreover, 

A(e„Tx) = ^TA(x) = e„TA(x) -> TA(x). 
Because A is cr-strong*-norm closed, we have Tx G A/^ and A(Tx) = TA(x). ■ 

Proposition 19 Let M be a von Neumann algebra, (pi andip 2 two n.s.f. weights 
on M having the same modular group. Let (i?j,7Tj,Aj) be the G.N.S. con- 
struction for ipi (i = 1,2). Suppose that there exist a a-weak-weak core C 
for Ai such that C C Af lfil fl N V2 and a unitary Z : Hi — > H 2 such that 
A 2 (x) = ZA\(x), for all x G C. Then pi = p 2 . 
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Proof. Because C is a cr-weak-weak core for Ai and because A2 is c-weak- 
weak closed, we have J\f Vl C Af V2 and, for all x € Af Vl we have Ai(x) = ZA 2 (x). 
Thus, (px(y*x) = ip 2 {y*x), for all x, y G Let £? = Af* 1 Af lfll . This is a 

dense *-subalgebra of M Vl n -M V2 and, for all x e B, we have yi(a;) = tyi{x). 
Because <p>\ and y> 2 have the same modular group, we can use the Pedersen- 
Takesaki Theorem [T3] to conclude the proof. ■ 

Let M be a von Neumann algebra, p a n.s.f. weight on M, (H, 1, A) the 
G.N.S. construction for <p, and a the modular group of ip. Let 5 be a positive 
self-adjoint operator affiliated with M, X > such that a t (5 ls ) = \ lst 6 ls , and As 
the canonical G.N.S. map of the Vaes' weight ps- One can consider onM®M 
two n.s.f. weights: ps <8 ps, with the canonical G.N.S. map As <8> Ag, and the 
Vaes' weight (ip ® </?)<5<g>i5 associated with <p ® ip, 5 ® 8 and A 2 . Let A ® A be 
the G.N.S. map for ip® p, and (A ® A)^ the G.N.S. map for (p ® i^)^ (see 
Section EU). 

Proposition 20 935 ® 93,5 = (p ® y?)^ and A5 ® A^ = (A ® A)^. 

Proof. Let us apply the Pedersen-Takesaki theorem to the weights p\ :— 
{(ps ® 'Ps) and p 2 :— [ip ® <p)s®& which have the same modular group and are 
equal on the dense *-subalgebra B — N N of M Vl fl M V2 , where 

N := I a; S M | X(5^ is bounded and ccji g A/" p j . 

Let Ai be the canonical G.N.S. map of (pi. By definition, N Q N is a. c-strong*- 
norm core for Ai, and Ai|jy = A2I./V. Since Ai and A2 are cr-strongly*-norm 
closed, then Ai c A 2 . And Ai = A 2 since T>(Ai) = Af Vl = Af V2 = P(A 2 ). ■ 
Finally, let us formulate the von Neumann algebraic version of [6], Lemma 
3.6. Let N be a von Neumann algebra, G a I.e. abelian group, u : G — ► N a 
unitary representation of G and 6* : G — > Aut(AT) an action of G on iV such 
that 

6 7 {u(g)) = < j,g>u{g). 

Let a be the action of G on JV implemented by u. The unitary representation 
u of G gives a *-homomorphism 7r : L°°(G) — > AT. 

Lemma 15 Let 6e a linear subspace of N e invariant under the action a and 
such that (7r(L 00 (G))^7r( J L 00 (G))) = N. Then V" = N e . 
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